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Motivation and Objectives
Study of truncation closed embeddings of valued fields
into fields of Hahn series began with the work of
Mourgues and Ressayre with the study of integer parts of
real closed fields. These Integer parts happened to be
models of Open Induction. Later on, Fornasiero proved
that every henselian field has a truncation closed
embedding. Fornasiero, Kuhlman and Kuhlman gave a
characterization of valued fields with a factor set that have
a truncation closed embedding, namely those with a
t-compatible tower of complements. Independently van
den Dries determined some extensions of truncation
closed subsets of Hahn Series that were still truncation
closed. With increasing interest in differential fields we
extend on the previous work and determine extensions of
truncation closed subsets of Hahn series with a derivation
that are still truncation closed.

Hahn Series
Given an ordered abelian group Γ and a field k we build
the Hahn field k((tΓ)) to be those functions from Γ to k
with well ordered support. For f ∈ k((tΓ)) we can see f as

f =
∑
γ∈Γ

fγtγ

with fγ ∈ k for all γ ∈ Γ.
This set forms a ring with pointwise sum and usual series
multiplication.

Truncation in Hahn Series
Given f ∈ k((tΓ)) and γ ∈ Γ we define the truncation of f at
γ0 as

f |γ0 =
∑
γ<γ0

fγtγ.

We call S ⊆ k((tΓ)) truncation closed if for all f ∈ S and
for all γ ∈ Γ we have f |γ ∈ S.

Valuation in Hahn fields
Hahn fields admit a natural valuation on them. Namely

v : k((tΓ))×→ Γ where v(f ) = min(supp(f )).

The derivation
We asume that k comes equipped with a derivation ∂.
Given an additive map c : Γ→ k we extend ∂ to k((tΓ)) by

∂(f ) =
∑
γ∈Γ

(∂(fγ) + c(γ)fγ)tγ

Extensions that Preserve Truncation Closedness
Let S be a truncation closed subset of k((tΓ)). We then have the following:

The ring generated by S is truncation closed.
The field generated by S is truncation closed.

If F is a truncation closed subfield of k((tΓ))

The henselization of F in k((tΓ)) is truncation closed.
If F is henselian, and the characteristic of k is 0, then any algebraic extension is truncation closed.
If k ⊆ F and Char(k) = p > 0, then the relative algebraic closure of F in k((tΓ)) is truncation closed
Any extensions of F given by powerseries applied to infinitesimals of F are also truncation closed.
The differential subfield of k((tΓ)) generated by F is truncation closed.
Let K be the smallest differential subfield of k((tΓ)) containing F such that if a, f ∈ K with v(a) > 0,
then (Id−a∂)−1(f ) ∈ K . Such K is truncation closed.

Logarithmic Exponential Transseries
Exponential Fields

We call (E ,exp) an exponential field if E is an
ordered field and exp is an exponential function on
E , i.e. an ordered group homomorphism

exp : (E ,+)→ (E>0,×).

Pre-Exponential Fields
The quadruple (E ,A,B,exp) is a pre-exponential
field if E is an ordered field, A an additive
subgroup of E , B a convex subgroup of E such
that E = A⊕ B and exp : B → E> a group
homomorphism

Pre-Exponential Extensions
The pre-exponential field (E ′,A′,B′,exp′) is a
first-pre-exponential extension of (E ,A,B,exp) if
E ⊆ E ′ is an ordered field embedding and B′ is the
convex hull of E inside E ′.

Exponential Transseries

We build TE as a union of Hahn fields where each
successive field is a pre-exponential extension of
the previous one.

RJxRK = E0 ⊂ E1 ⊂ · · · ⊂ Texp :=
⋃
n∈N

En

Transseries
We build T as a directed union of fields isomorphic
to Texp transseries, namely RJ`Rn KE. Where `0 = x
and `n+1 = log ◦`n.

Texp = RJ`R0 KE ⊂ RJ`R1 KE ⊂ · · ·
and embeddings

Φm : RJ`Rm+1KE → RJ`RmKE

corresponding to “substitution” by exp(x). We
define T :=

⋃
Ln

The Valuation
The valuation on T is given in a way that the valuation ring is the convex hull of R

The Derivation on T
The derivation we consider on T is the compositional conjugate of the usual derivation by x−1. That is
∂ = xd/dx .

Antiderivatives in Texp

Let f =
∑

a∈An
fa exp(a) with fa ∈ En. Then g =

∑
a∈An

ga exp(a) is an antiderivative of f if ga satisfies the
differential equation g′a + gaa′ = fa for each a ∈ A. Equivalently(

Id − −∂
a

)
(fa) = ga

tiL-closed subsets of Texp
Let F be a subfield of Texp. We say that F is iL-closed if
for every m = x rE(a0 + · · · + an) ∈ supp(S) we have that
{a,E(a),E(an)} ⊆ F . We call F tiL-closed if it is both
iL-closed and truncation closed.
All the results for extensions applicable to subfields of Texp
hold if we replace truncation closed for tiL-closed.

H-fields
Let K be an ordered differential field and C its field of
constants. We say that K is an H-field if:

for all f ∈ K if f > C, then ∂(f ) > 0;
the convex hull O of C inside K is the direct sum of C
and its maximal ideal O

Liouville Closures
An H-field K is said to be Liouville closed if it is real
closed and for each x ∈ K there are y , z ∈ K such that
∂(y) = x and ∂(z)/z = x .

A result for T
Let K be a differential subfield of T containing R such that
for all n, Φn(K ) ∩ Texp is tiL-closed. Then the Liouville
closure of K inside T is truncation closed.

Future Work
Can we get similar results with extensions of tL-closed
fields that are closed under antiderivatives?
What happens with solutions of other types of
differential equations?.
How much can be applied to the case of surreal
numbers with the (simplest) derivation given by
Berarducci and Mantova?
Developing on the Fornasiero-Kuhlmann-Kuhlman
paper. Is there a nice model theory of truncation in
valued fields with monomial groups?
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