
Math 424 Homework 5 Due Monday, October 14, 2019

Recall the instructions from the Course Organization and feel free to work together in
trying to understand the problems. I want you to write up the solutions individually, however
and do NOT work together on any extra credit problems. The symbol (E) indicates that a
problem is either an old test question or could easily have been on a test if it hadn’t been
an old homework problem. If you want to prepare your solution using TeX, please put your
name in your own handwriting. I never mind if you put equations in by hand.

I will answer questions about this homework in class on Wed. 10/9 and Fri. 10/11 and
by email, but only up to Noon, Sun. 10/13, so all students will have a chance to read the
comments on the website, which will be finalized by 3pm 10/12.

(ungraded) Rosenlicht §4 – 2, 9a, 10 (parameterize (x, y) near (0, 0) as (r cos t, r sin t).)

1. (E) Suppose f(x) is a function defined on [−1, 1] and |f(x)| < 17 for all x. You do
not know that f is necessarily continuous, just that it is bounded. Prove carefully that
g(x) = xf(x) must be continuous at x0 = 0.

2. (E) Let g be the function defined below

g(x) =

{
2x2(2− x), if x ∈ Q;

−3x2(2− x), if x 6∈ Q.

Is g is continuous at x = 0? Is g continuous at x = 1?

Your proof should be detailed enough that, if g is continuous, you give a value for δ corre-
sponding to ε = 1

10
. A picture might help.

3. (E) Let fn(x) = xn − x2n = xn(1 − xn). Prove that lim fn(x) = 0 for all x ∈ [0, 1] but
that the convergence is not uniform. Hint: find a specific ε > 0 so that for all n, there exists
xn ∈ [0, 1] with |fn(xn)− 0| > ε.

4. (E) Suppose fn(x) → f(x) and gn(x) → g(x) on [1, 7] and suppose that the convergence
is uniform in each case. Let hn(x) = 2fn(x) + 3gn(x). Prove carefully that hn(x) converges
uniformly to 2f(x) + 3g(x) on [1, 7. (I don’t know a way to do this that doesn’t involve an
N1 and an N2; there is no special significance to “1”, “7”, “2” or “3”.)

5. (E) Let (E, d) be a metric space. A real-valued function on E is called locally bounded if
for every p0 ∈ E there exists r > 0 and M <∞ so that d(p, p0) < r implies |f(p)| ≤M .

a. If f is a locally bounded function on a compact metric space, prove that f is bounded.

b. Give one example of a non-compact metric space (E, d) and a locally bounded function
f on E which is not bounded on E. The example I have in mind is quite simple!

Extra credit problem, worth 1/2 point.

6. Let (an) be a fixed (and unspecified) strictly increasing sequence of real numbers. Find
(with proof) a sequence (bn) whose set of cluster points is precisely (an). It will be enough
to write down b1, . . . , b10, if these are sufficient to show the pattern in general. There are
infinitely many different correct solutions. Each bn should involve some am in some way.


