
Math 564 Fall 2016 Homework 3

1. Definition: If X : Ω → I is a discrete RV, then the probability
generating function (pgf) of X is the function φX(t) := E[tX ] =∑
i∈I t

iP(X = i). You can use the fact that the pgf of a sum of inde-
pendent RVs is the product of their pgfs, as with the moment generating
function.

A Bernoulli trial is a random variable X that takes values zero and one,
and P(X = 1) = p (implying, of course,that P(X = 0) = 1− p). This can
be thought of as an experiment that has probability p of success and 1−p of
failure, e.g., an unfair coin. The binomial distribution B(n, p) is defined as
the probability of having k successes if we consider n independent Bernoulli
trials. Compute the probability generating function of a Bernoulli trial,
and use this to compute (i.e., identify the coefficients in the power series)
the probability distribution B(n, p).

2. Prove that for a matrix M , if Mv = µv, then Mpv = µpv. In particular,
show also that Mpv → 0 if |µ| < 1 and |Mpv| → ∞ if |µ| > 1.

3. If X ∼ U(0, 1), show that, for any 0 ≤ a < b ≤ 1,

P(X ∈ [a, b]) = P(X ∈ [a, b)) = P(X ∈ (a, b]) = P(X ∈ (a, b)) = b− a.

4. Let X,Y, Z,W be independent U(0, 1) random variables. Use a Monte
Carlo method to compute E[XY 2 + eZ cos(W )]. How much computation
should you do to be confident in your answer to three decimal places?
Turn in your code or pseudo-code along with your answer.

5. We say that T is an exponential random variable with parameter
µ if T > 0 with probability 1 and

P(T > t) = e−µt, or P(T ≤ t) = 1− e−µt.

First, write a function that allows you to sample T using a stream of
U(0, 1) variables. Next, set µ = 2 and compute E[T p] for p = 1, 2, 3, 4. Do
you see a pattern?

6. Suppose that (Xn)∞n=0 is Markov(λ, P ). Define Yn = Xkn for some k ≥ 1.
Show that (Yn)∞n=0 is Markov(λ, P k).

7. Email me (Kay) with copy to shiyaliu.zju@gmail.com about your final
project, indicating (a) whether you’ll pick a talk, paper, or webpage, (b)
which topics you’re considering and why, and (c) 2 or 3 references you will
work from (books, articles, and technical websites are all fine).

Talks will be 15 minutes each, subject to time constraints. Papers will be
3-10 pages, possibly more if you would like to include a complete chapter
of your thesis. Another option is a webpage that is 2-5 screens long, with
an interactive simulation that you program.


