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Introduction

The principal theme is the interaction between real and complex
geometry.

I background

I real hypersurfaces and complex varieties

I positivity conditions

I rational maps between spheres

I finite unitary groups and group-invariant CR mappings

I number-theoretic and combinatorial aspects of CR mappings
from spheres to spheres and hyperquadrics
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Some things about the unit sphere we will not discuss:

I The Hans Lewy equation (Excellent article by Treves in
Notices AMS)

I Harmonic analysis on the Heisenberg group (Stein’s book)

I Solving ∂ on the ball.

I Sub-Riemannian geometry and geodesics (Books by
Calin-Chang-Greiner, Montgomery, article by D’Angelo-Tyson
to appear in Notices)
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Some basic questions:

I When does a real object contain complex objects?

I What is the complex analogue of convexity?

I What are the rational functions f : Cn → CN such that f
maps the unit sphere S2n−1 to the unit sphere S2N−1?

||z ||2 = 1 → ||f (z)||2 = 1

Linear PDE, namely ∂f = 0, with a non-linear boundary value
condition.

I More generally, what are the holomorphic maps f ⊕ g such
that r(z) = 0 implies ||f (z)||2 − ||g(z)||2 = 1?

I Given Γ ⊂ U(n), what are the Γ-invariant CR Mappings from
spheres to hyperquadrics?
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The first two lectures gives background information in complex
linear algebra and CR geometry.

We discuss polarization, pseudoconvexity, and the Levi form.

We answer the following question: when does a real hypersurface
contain complex analytic varieties? We briefly discuss why we care.
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The third lecture considers positivity conditions in complex
analysis.

The main theme concerns squared norms of holomorphic mappings.

The main application:

Theorem
Given a polynomial q that doesn’t vanish on the unit closed ball in
Cn, there is a polynomial mapping p : Cn → CN such that p

q is

reduced to lowest terms and maps S2n−1 → S2N−1.

Corollary

There are many smooth CR mappings between spheres if N >> n.
(dimension of parameter space goes to ∞)
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The last two lectures begin to classify proper mappings between
balls.
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The fourth lecture discusses group-invariant rational mappings
from spheres to hyperquadrics.

I For most subgroups Γ of U(n), there is no non-constant
Γ-invariant smooth CR mapping to any sphere. The proof
combines representation theory, algebra, and the maximum
principle.

I Hence we will allow target hyperquadrics; maximum principle
no longer applies.

I We will give a new irrigidity result.

I We will consider asymptotic information as the order of the
group tends to infinity.
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We will continue, time permitting, by discussing combinatorial and
number-theoretic information about rational mappings between
spheres.
For example, solutions of the Pell equation lead to failure of
uniqueness.
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Background: Complex linear algebra

I Cn denotes n-dimensional complex Euclidean space.

I The inner product of z and w is given by

〈z ,w〉 =
n∑

j=1

zjw j

and the Euclidean norm is given by ||z ||2 = 〈z , z〉.
I The Euclidean topology on Cn agrees with the usual

Euclidean topology on R2n;

I We use facts from Hermitian linear algebra. Recall the notion
of a complex inner product space and related ideas.
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I A complex inner product space is a complex vector space V
equipped with an inner product.

I An inner product assigns to each pair z ,w of elements in V a
complex number 〈z ,w〉, called the inner product of z and w ,
satisfying the following axioms:

I (positive definiteness) For all nonzero z ∈ V , 〈z , z〉 > 0.

I (linearity in the first slot). For z , ζ,w ∈ V and c ∈ C,

〈cz ,w〉 = c〈z ,w〉

〈z + ζ, w〉 = 〈z ,w〉+ 〈ζ, w〉.
I (Hermitian symmetry) For z ,w ∈ V , we have 〈z ,w〉 = 〈w , z〉.

The inner product is conjugate linear in the second slot. In
the physics literature complex inner products are often
assumed to be linear in the second slot and conjugate linear in
the first slot.

I The inner product defines a norm via the formula
||z ||2 = 〈z , z〉.
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Let V be a complex inner product space and let L : V → V be a
linear transformation (operator)

I In particular L is continuous.

I Its adjoint L∗ is defined by

〈Lz ,w〉 = 〈z , L∗w〉.

I A linear operator U on V to itself is unitary if
〈Uz ,Uw〉 = 〈z ,w〉 for all z and w ; equivalently U is invertible
and U−1 = U∗.

I A linear operator L from V to itself is Hermitian or
self-adjoint if L = L∗.

I A linear operator is nonnegative definite if 〈Lz , z〉 ≥ 0 for all
z , and positive definite if there is a positive c such that
〈Lz , z〉 ≥ c ||z ||2 for all z .

I Such mappings are necessarily Hermitian.

I A mapping is positive semidefinite if it is nonnegative definite
but not positive definite.
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Let V be a complex inner product space with squared norm given
by ||z ||2 = 〈z , z〉.
We can recover the inner product 〈z ,w〉 from squared norms.
Let L be a linear transformation on V . Fix an integer m at least 3
and let η be a primitive m-th root of unity. The following formula
(P1) holds for all z ,w and L:

〈Lz ,w〉 =
1

m

m−1∑
j=0

ηj〈L(z + ηjw), z + ηjw〉. (P1)

When L is the identity, (P1) shows how to recover the inner
product from the squared norm:

〈z ,w〉 =
1

m

m−1∑
j=0

ηj ||z + ηjw ||2. (P)

When m = 4 formula (P) is known as the polarization identity.
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The Cauchy-Schwarz inequality (CS) and the triangle inequality
(T) in a complex inner product space:

|〈z ,w〉| ≤ ||z || ||w || (CS)

||z + w || ≤ ||z ||+ ||w ||. (T )
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I There are real inner product spaces and nonzero linear
transformations T satisfying 〈Tx , x〉 = 0 for all x .

I In the complex case, 〈Tz , z〉 = 0 for all z implies that T = 0.

I Corollary: L is Hermitian if and only if 〈Lz , z〉 is real for all z .
Hence a nonnegative definite linear map must be Hermitian.

I Exercise! Let {xj} be a finite collection of distinct positive
numbers. Consider a square matrix A whose entries are

1

xj + xk
.

Show that A is positive definite.
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Hermitian symmetry and polarization

Let p be a polynomial on R2n; write xj and yj in terms of zj and z j

to get a polynomial in the complex variables z and z . We may
treat these variables as independent.
Let R(z ,w) be a polynomial in the 2n complex variables
(z1, ..., zn) and (w1, ...,wn). We call R Hermitian symmetric if

R(w , z) = R(z ,w). (HS)

R is Hermitian symmetric if and only if R(z , z) is real-valued.
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We use multi-index notation:

R(z ,w) =
d∑

|a|,|b|=0

cabz
awb.

I Thus a = (a1, ..., an) is an n-tuple of nonnegative integers.

I |a| = a1 + a2 + ... + an.

I za = za1
1 za2

2 ...zan
n

I Multi-index notation can be incredibly useful but potentially
confusing. Does z mean (z1, ..., zn) or

∏n
j=1 zj?
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Proposition Let R(z , z) be real-analytic. The following are
equivalent:

I R is Hermitian symmetric; that is, (HS) holds.

I z → R(z , z) is real-valued.

I The matrix of Taylor coefficients is Hermitian. (See next slide)
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Consider a real-analytic real-valued function r defined in a
neighborhood of the origin in Cn. Thus r is given near the origin 0
by a convergent power series (in multi-index notation)

r(z , z) =
∞∑

|a|,|b|=0

cabz
azb.

In this case we call (cab) the underlying matrix of coefficients of r .
We may polarize by treating z and z as independent variables. The
condition that r be real-valued is equivalent to the Hermitian
symmetry condition for r or that

cba = cab

for all pairs (a, b) of multi-indices. When r is a polynomial, the
underlying matrix of coefficients is finite-dimensional.
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Definition
Let D be a connected open subset of Cn. We denote by D∗ the
complex conjugate domain; D∗ = {z : z ∈ D}. Let R be
holomorphic on D × D∗. We say that R is Hermitian symmetric if
D = D∗ (as sets) and (HS) holds for all (z ,w) ∈ D × D∗.

Polarization is among the most powerful ideas in complex analysis;
if r is Hermitian symmetric, then we can recover the values of
r(z ,w) from the values of r(z , z). In this sense we are treating z
and z as independent variables.
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Theorem (Polarization)

Let r be a real-analytic real-valued function defined in a connected
neighborhood D of the origin such that D = D∗. There is a unique
Hermitian symmetric holomorphic function R defined on D × D∗

such that R(z , z) = r(z , z) for all z ∈ D. Equivalently, if
(z ,w) → R(z ,w) is Hermitian symmetric on D × D∗, and
R(z , z) = 0 for all z ∈ D, then R(z ,w) = 0 for all
(z ,w) ∈ D × D∗.
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I Exercise. Let L be a linear mapping on a finite-dimensional
inner product space. Assume that ||Lz ||2 = ||z ||2 for all z .
Prove, without using the theorem, that 〈Lz , Lw〉 = 〈z ,w〉 for
all z and w .

I Exercise. Let f : Cn → C be holomorphic. Identify Cn with
R2n. Assume that f vanishes on a subspace V ⊂ R2n of
dimension n. Under what condition on V must f vanish
identically? What does this exercise have to do with
Polarization?

I Exercise. Consider a harmonic function U(x , y) defined for
(x , y) ∈ R2. Given z0 and ζ in C, we seek a holomorphic F
whose real part is U and such that F (z0) = ζ. Find a formula
for F in terms of U. Avoid differentiation or integration.
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Differential forms
The interaction between the real and the complex viewpoints
dominates the discussion.

Express (z1, ..., zn) in terms of real coordinates by writing
z j = x j + iy j . Hence we get

dz j = dx j + idy j

dz j = dx j − idy j . (1)

The formulas (2) lead to formulas for the coordinate vector fields.

∂

∂z j
=

1

2

∂

∂x j
− i

2

∂

∂y j

∂

∂z j
=

1

2

∂

∂x j
+

i

2

∂

∂y j
. (2)

The formulas in (2) are not definitions; they are consequences of
(1) and the invariance of the exterior derivative d .
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Ω open, connected in Cn.
A smooth function f : Ω → C is holomorphic if and only if it
satisfies the Cauchy-Riemann equations:

0 = ∂f =
n∑

j=1

∂f

∂z j
dz j .

Equivalently, f satisfies the Cauchy-Riemann equations if for each j
we have

∂f

∂z j
= 0.
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Consider differential forms of type (p, q); another word for type is
bi-degree. A differential form is of type (p, q) if it is a sum of forms
each involving wedge products of p of the dz j and q of the dz j .
We write for example dz I instead of dz i1 ∧ ... ∧ dz ik when
I = (i1, ..., ik) is a multi-index.
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We extend the ∂ operator to differential forms of all bi-degrees in
the usual way. Let

u =
∑

uIJdz I ∧ dzJ

be a (p, q) form. We define a (p, q + 1) form ∂u by

∂u =
∑ ∂uIJ

∂zk
dzk ∧ dz I ∧ dzJ . (3)

Using the definition of wedge product we can rewrite (3):

∂u =
∑

|I |=p,|K |=q+1

GIKdz I ∧ dzK

for appropriate functions GIK .
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PDE approach to complex analysis: holomorphic functions are
solutions to the first-order system of PDE called the
Cauchy-Riemann equations.

f is holomorphic if and only if ∂f = 0.

Riemann’s idea: study solutions to the homogeneous equation
∂f = 0 by considering the inhomogeneous equation

∂u = α.

The right hand side is a (0, 1) form. Since ∂
2

= 0, there can be a
solution only if ∂α = 0. If u is a solution, and f is holomorphic,
u + f is also a solution. Thus in general there are many solutions.

Given α with some property, we ask whether we can find a solution
u with a related property. Smoothness, compact support, etc.
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Solving the Cauchy-Riemann equations

A Hilbert space is a complete complex inner product space. The
relevant Hilbert spaces will be spaces of square integrable
differential forms, possibly with respect to a weight function, on a
domain Ω in Cn.

Let H1, H2, and H3 be Hilbert spaces. We write || || to denote
the norm on each of these spaces. Consider linear operators
T : H1 → H2 and S : H2 → H3 such that ST = 0. These
operators will not be continuous (bounded); they will be defined
only on dense subspaces rather than on all of H1 and H2. The
operators will be closed, and hence their adjoints are defined on
appropriate dense domains as well.

0 → H1 → H2 → H3 → 0.
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We think of both T and S as the ∂ operator, defined on forms of

consecutive degrees. Since ∂
2

= 0, we must have ST = 0. To
solve the equation Tu = α, we therefore require Sα = 0. The
equation Tu = α is in general over-determined; if Tf = 0, then
T (u + f ) = Tu = α as well. A nice formalism enables us to choose
a unique canonical solution in many cases.

The operator L = TT ∗ + S∗S : H2 → H2, with its natural domain,
is self-adjoint.
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Suppose for some positive constant C we can show

||f ||2 ≤ C (||T ∗f ||2 + ||Sf ||2) (KEY ESTIMATE )

for all f in the intersection of the domain of T ∗ with the domain
of S . Then L is invertible on its domain. To verify the invertibility
notice that 0 = (TT ∗ + S∗S)f implies

0 = 〈(TT ∗ + S∗S)f , f 〉 = ||T ∗f ||2 + ||Sf ||2. (4)

If (KEY ESTIMATE) holds then (4) implies f = 0. Thus L is
injective; since it is self-adjoint it is also invertible on its domain.
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Assuming the KEY ESTIMATE we write N = L−1. Then we have
the Hodge decomposition

α = TT ∗Nα + S∗SNα. (5)

If we assume Sα = 0, then it follows that SNα = 0, and we obtain
α = T (T ∗Nα).
Put u = T ∗Nα. Then u is the unique solution to Tu = α
orthogonal to the null-space of T . It is therefore the solution of
minimal norm.

Exercise: Show that Sα = 0 implies SNα = 0. Hint: Use (5) to
first get SS∗SNα = 0. Then take the inner product with SNα.
Repeat the idea.
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By previous slide,

α = T (T ∗Nα) = ∂(∂
∗
Nα).

Thus
u = ∂

∗
Nα.

Key issue is whether N preserves smoothness. Follows from
something called subelliptic estimates.

The following will not be the focus of these lectures, but I want to
say something. The KEY ESTIMATE is not good enough to
establish regularity.

Given a (0, 1) form α, with ∂α = 0, solve ∂u = α. We want u to
be smooth where α is smooth. Put u = ∂

∗
Nα. Smoothness

follows from a subelliptic estimate. Subelliptic Estimate of Kohn:

||φ||2ε ≤ C (||∂φ||2 + ||∂∗φ||2)
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Theorem (Catlin)

Suppose Ω is smoothly bounded pseudoconvex domain in Cn, and
z0 ∈ bΩ. There is a subelliptic estimate at z0 if and only z0 is of
finite type, in the sense that there is a bound on the order of
contact of all complex varieties with bΩ at p.

In the rest of this lecture I will discuss a slightly simpler issue.
When is there actually a complex variety in bΩ?
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Complex varieties in real hypersurfaces

Question. Given a real hypersurface in complex Euclidean space,
does it contain the image of a nonconstant holomorphic curve?

If not, give quantitative measurements of the order of contact of
such curves.
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Strongly pseudoconvex hypersurfaces contain no complex analytic
curves. We will study weakly pseudoconvex hypersurfaces. We
have a key analogy with calculus:

I Strongly pseudoconvex point analogous to nondegenerate
strict minimum.

I Weakly pseudoconvex point of finite type analogous to strict
finite order minimum.

I Levi flat points analogous to being zero or possibly to infinite
order vanishing.

36 / 328



Degenerate critical points of smooth functions

Let f : R → R be a smooth function, and suppose f (0) = 0.
For f to have a local minimum or maximum at 0 it is of course
necessary that f ′(0) = 0, that is, the origin must be a critical
point. Assume the origin is a critical point. If f ′′(0) 6= 0, then we
have a strict local minimum when f ′′(0) > 0 and a strict local
maximum when f ′′(0) < 0.
When f ′′(0) = 0 we have a degenerate critical point, and we need
to investigate further.
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Lemma
Let f : R → R be a smooth function with f (0) = 0, and suppose
that f vanishes to finite order at 0. Let k be the smallest integer
for which f (k)(0) 6= 0. If k is odd, then f takes on both positive
and negative values in every neighborhood of 0. If k is even, then
f has a strict local minimum at 0 when f (k)(0) > 0 and a strict
local maximum at 0 when f (k)(0) < 0.

Proof.
The conclusion follows from expanding f in a Taylor series about 0
and estimating the remainder term.
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There is no similar test in several variables.

I One problem is that the lowest order terms in the Taylor
expansion for a smooth function f do not govern the situation.

I While one can decide whether a homogeneous polynomial has
a minimum at 0 by investigating its behavior along lines, there
is no good algorithm to check all lines.

I Hence there is no good test for deciding whether a
homogeneous polynomial in several variables is non-negative.
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Example (Peano)

f (x , y) = (y − x2)(y − 4x2). (7)

Then f (0, 0) = 0 and f (x , y) < 0 if x2 < y < 4x2.

f does not have a minimum at (0, 0). The restriction of f to each
line through (0, 0) has a strict local minimum there!
Proof: Consider the line La,b given by t → (at, bt), where
(a, b) 6= (0, 0). We have
f (at, bt) = (bt − a2t2)(bt − 4a2t2) = b2t2+ higher order terms.
Thus, for b 6= 0, the restriction to the line La,b has a strict
non-degenerate local minimum at the origin. When b = 0 the
restriction to the line La,b is 4a4t4 which also has a strict local
minimum there, albeit a degenerate minimum.
The restriction of f to each line but one has a nondegenerate strict
local minimum, the restriction of f to the remaining line has a
strict local minimum, and yet f does not have a minimum at (0, 0).
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A related example:

q(x , y , z) = (yz − x2)(yz − 4x2) + z4. (8)

Again q is negative somewhere in every neighborhood of the origin.
For example q(1, 2, 1) = −1 and hence q(t, 2t, t) = −t4 < 0 for
t 6= 0. We homogenized f and added the positive term z4. Yet
now there are lines along which q is never positive and hence the
restriction to such a line has a strict maximum of 0 at 0.
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The following Lemma sounds useful, but it is not!

Lemma
Let p be a homogeneous polynomial of even degree in
x = (x1, ..., xn). Then the restriction p to each line through 0 ∈ Rn

has a minimum at 0 ∈ R if and only if p has a minimum at 0.

Proof.
For 0 6= v ∈ Rn, we consider the line parametrized by t → tv . By
homogeneity p(tv) = t2dp(v). The result follows.
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Consider Peano again. After homogenizing we restrict to the line
t → (at, bt, ct) for c 6= 0. Without loss of generality we may
assume that c = 1. We then need to consider the expression

p(at, bt, t) = t4p(a, b, 1) = t4f (a, b). (9)

To decide whether this restriction has a minimum at t = 0 requires
knowing whether f (a, b) is nonnegative; deciding whether we have
a minimum for all (a, b) is then equivalent to deciding whether the
Peano example itself has a minimum!

Even in the homogeneous case restricting to lines doesn’t help. We
are back where we started.
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Another difficulty in several variables:
Let p(x , y) = (x2 − y3)2 + φ(x , y) where φ vanishes to infinite
order at the origin.
The restriction of p to each line through the origin vanishes to
finite order (either 4 or 6) and the restriction has a local minimum
at the origin. Whether p itself has a local minimum depends on
how φ behaves along the curve given by (x(t), y(t)) = (t3, t2).
There is no finite order condition one can check, even though p
vanishes to finite order in every direction.
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Holomorphic decomposition

We can study the geometry of the zero set of a smooth function of
several complex variables by considering the zero sets of its
polynomial truncations, and by using algebraic means to study
these algebraic zero sets.
The geometric interaction between the real and complex aspects
will be crucial.
Our first step is to write Hermitian symmetric functions in terms of
holomorphic functions.
We answer the question: does the zero-set of a real-valued
polynomial contain non-constant holomorphic curves?
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Lemma
(Holomorphic decomposition for polynomials) Let r be a Hermitian
symmetric polynomial. There are linearly independent holomorphic
polynomials fj and gj such that

r(z , z) =
k∑

j=1

|fj(z)|2 −
l∑

j=1

|gj(z)|2 = ||f (z)||2 − ||g(z)||2. (1)

Furthermore there is a holomorphic polynomial h and linearly
independent holomorphic polynomials Fj and Gj such that

r(z , z) = 2Re(h(z)) + ||F (z)||2 − ||G (z)||2. (2)

Finally, if r(0, 0) = 0, then we may choose all the functions to
vanish at 0 as well.
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Proof.
One way to prove (1) is to diagonalize the Hermitian matrix (cab).
The advantage is that we obtain linear independence directly.

Direct proof of (1): For each multi-index b we have

|
∑

a

cabz
a + zb|2 − |

∑
a

cabz
a − zb|2 = 4Re (

∑
a

cabz
azb). (3)

Then we sum on the indices b.

To prove (2) we first put h(z) = r(z , 0) =
∑

a ca0z
a. Put

s(z , z) = r(z , z)− 2Re(h(z)) and apply (1) to s. We obtain F and
G for which (2) holds.
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We write (1) as r(z , z) = ||f (z)||2 − ||g(z)||2. The linear algebra
proof via diagonalization reveals that we may choose k and l in (1)
to be the numbers of positive and negative eigenvalues of the
Hermitian matrix (cab). We prefer the decomposition (2), because
it better captures the underlying CR geometry.

We call either (1) or (2) a holomorphic decomposition of r .
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We can extend holomorphic decomposition to the real-analytic
case. Let r be a Hermitian symmetric real-analytic function
defined near 0 ∈ Cn with r(0) = 0.
We write

r(z , z) =
∑
a,b

cabz
azb.

We call a term cabz
azb in the power series expansion of r pure if

either a or b is zero; in other words, if it is either holomorphic or
its conjugate is holomorphic. All other terms are called mixed.

49 / 328



In the proof of (2) we isolated the pure terms in r and called them
2Re (h(z)). We are witnessing a simple example of polarization, as
we treated z and z as independent variables and wrote

h(z) =
∑

a

ca0z
a = r(z , 0). (18)
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The same ideas applies in the real-analytic case. We can find
holomorphic vector-valued mappings f and g such that

r(z , z) = 2Re(h(z)) + ||f (z)||2 − ||g(z)||2.

Unlike in the polynomial case, the mappings f and g need not take
values in a finite-dimensional space. Because of convergence issues
the formula might be possible on only a small neighborhood of a
given point.
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Theorem
Let r be a Hermitian symmetric real-analytic function with
r(0, 0) = 0. There is a neighborhood D of the origin, a
holomorphic function h defined in D, and sequences of
holomorphic functions fj and gj such that the following hold:
1) All these functions vanish at the origin.
2)
∑

j |fj(z)|2 and
∑

j |gj(z)|2 converge in D.

3) r(z , z) = 2Re(h(z)) +
∑

j

|fj(z)|2 −
∑

j

|gj(z)|2 =

2Re(h(z)) + ||f (z)||2 − ||g(z)||2.
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When can we write r as a squared norm; that is, r(z , z) = ||f (z)||2
for some holomorphic mapping f ? We discuss this matter in more
detail later.
The next Lemma gives one simple way of deciding whether a
real-analytic r is the squared norm of a holomorphic mapping f . If
r is a polynomial (in z and z), then the components of f will be
polynomials in z but independent of z .
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Lemma
Let r be a Hermitian symmetric real-analytic function. Its
underlying matrix of coefficients is nonnegative definite if and only
if there is a sequence of holomorphic functions fj such that

r(z , z) =
∞∑
j=1

|fj(z)|2 = ||f (z)||2. (24)

Proof.
Note that (cab) is nonnegative definite if and only if there are
vectors Fa such that cab = 〈Fa,Fb〉. Plugging this relationship into
r gives

r(z , z) =
∑
a,b

〈Fa,Fb〉zazb = ||
∑

a

Faz
a||2. (25)

Conversely the functions fj in (24) determine the vectors for which
(25) holds.
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We pause to discuss the role of the function h. The zero set of r
defines a real submanifold of real codimension one when dr(0) 6= 0.
In this case we find that dh(0) 6= 0, and we may choose local
holomorphic coordinates such that h(z) = zn. In CR geometry the
variable zn plays a different role from the variables z1, ..., zn−1. The
author finds it interesting that the naive difference of pure versus
mixed is closely connected with deep aspects of the anisotropic
behavior of the tangent spaces on the zero set of r . We will see
more of this geometry when we pull r back to holomorphic curves.
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The following result is interesting on its own and plays a major role
in later developments. We emphasize that the linear map L
appearing in it is independent of z .

Theorem
Let Ω be an open ball containing the origin in Cn. Let f : Ω → CN

and g : Ω → CK be holomorphic mappings such that

||f (z)||2 = ||g(z)||2 (26)

on Ω. Then there is a linear mapping L : CK → CN such that
f = Lg. If in addition N = K, then we may choose L to be unitary.
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Proof.
On Ω we may write f (z) =

∑
faz

a for fa ∈ CN and g(z) =
∑

gaz
a

for ga ∈ CK . After equating Taylor coefficients, (26) becomes

〈fa, fb〉 = 〈ga, gb〉 (27)

for all pairs of multi-indices a and b.
We then define L by setting Lga = fa for a maximal linearly
independent set of the ga. The compatibility conditions (27) show
that L is well-defined and that Lga = fa for all indices. When the
dimensions are equal we observe that L preserves all inner
products, and hence it can be extended to be unitary.
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I Let r be a smooth real-valued function on a neighborhood of
p in Cn; then p is a critical point for r if and only if dr(p) = 0,
which holds if and only if both ∂r(p) = 0 and ∂r(p) = 0.

I For such r the analogue of the second derivative matrix is the
complex Hessian, defined by H(r) =

(
rziz j

)
.

I The Hessian matrix does not include all second derivatives of
r , as pure second derivatives do not arise.

I If p is a critical point, and r has a local minimum at p, then
H(r) is non-negative definite.

I If p is a critical point, the pure second derivatives vanish at p,
and H(r) is positive definite at p, then r has a strict local
minimum at p.

58 / 328



Smooth functions whose complex Hessians are nonnegative definite
at each point are called plurisubharmonic. Such functions satisfy
the maximum principle. An important special case for us is squared
norms of holomorphic functions. If r(z , z) = ||f (z)||2, then its
complex Hessian H(r) can be written

H(r) = rziz j = 〈fzi , fzj 〉.

Hence r is psh. Here is a formula for the determinant of the
complex Hessian:

det(H(r)) =
∑

I

|J(fi1 , ..., fin)|2.

The sum is taken over all n-tuples of component functions of f ,
and J denotes the Jacobian determinant.

Exercise: Find an analogous formula for det(H(r)) when
r(z , z) = ||f (z)||2 − ||g(z)||2. Each term in the sum should be ±
the squared modulus of a Jacobian.
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Consider the set of points V defined in C2 defined by z2
1 = z3

2 .
This set V can also be described as the image of C under the map
z : C → C2 defined by z(t) = (t3, t2). Near any point of V except
the origin (0, 0), the geometry is easy to understand. Near the
origin, however, things are difficult. The origin is a singularity. We
will find geometric conditions on a real hypersurface M at a point
p that preclude the existence of complex analytic varieties
containing p and lying in M. Things become subtle because the
variety could be singular at p.

60 / 328



Lemma
Let r be a real-valued function defined in a neighborhood of 0 in
Cn. Then V (r) contains a complex analytic variety through 0 if
and only if there is a nonconstant holomorphic curve
z : (C, 0) → (Cn, 0) such that z∗r is identically zero.
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Proof.
(Sketch) Suppose that such a curve exists. Its image is a complex
one-dimensional variety contained in V (r). Suppose conversely
that (X , 0) ⊂ (V (r), 0) is the germ of a complex variety. We may
choose an irreducible branch of a one-dimensional subvariety of
(X , 0). By standard considerations in basic algebraic geometry this
irreducible branch is the image of (the germ of) a holomorphic
curve.
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We now develop a method for deciding whether there is a
nonconstant map z such that z∗r vanishes identically. First we
study the case when r is a polynomial. We assume that r has been
written in the form (2). Suppose that z∗r = 0. We obtain

0 = 2Re(z∗h) + ||z∗f ||2 − ||z∗g ||2.

The pure terms and mixed terms must vanish separately, and hence

z∗h = 0

||z∗f ||2 = ||z∗g ||2.

63 / 328



We may assume, by including additional zero components, that f
and g map into the same dimensional space. Thus we abbreviate
f ⊕ 0 by f and g ⊕ 0 by g . Thus there is a unitary mapping U
such that z∗(f ) = U(z∗g). Hence we obtain a unitary mapping U
for which

z∗h = 0

z∗(f − Ug) = 0.

Let us write U = (Ujk). We are now in the setting of algebraic
geometry; we have a collection of holomorphic polynomials

h, f1 −
∑
k

U1kgk , ..., fN −
∑
k

UNkgk ; (34)

each polynomial in (34) vanishes along the curve t → z(t).
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Thus the variety defined by these functions is positive dimensional.
We obtain the following result:

Theorem
Let r be a real-valued polynomial on Cn,
r = 2Re(h) + ||f ||2 − ||g ||2. If V is an irreducible one-dimensional
complex analytic variety contained in V (r), then there is a unitary
matrix U such that V is a subvariety of the variety defined by
V (h, f − Ug). Conversely, for each unitary U, the variety
V (h, f − Ug) is contained in V (r).
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Example

Put r(z , z) = 2Re(z3) + |z2
1 − z3

2 |2 + |z4
1 |2 − |z6

2 |2. Then the
holomorphic curve defined by t → (t3, t2, 0) lies in V (r).
Furthermore, if γ is a holomorphic curve lying in V (r), then there
is unitary matrix of constants U = (Ujk) such that γ is a
subvariety of the variety defined by the equations

(z3, z
2
1 − z3

2 − U11z
6
2 , z4

1 − U21z
6
2 ).
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Example

Let f1, ...fk be holomorphic functions defined near the origin in Cn

and vanishing there. For r of the form

r(z) = 2Re(zn) +
K∑

j=1

|fj(z)|2,

the only complex subvarieties contained in V (r) are subvarieties of
the variety given by the equations

zn = f1(z) = · · · = fK (z) = 0.

When the mapping g vanishes the geometry simplifies.
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defining function

Let r be a smooth function defined near a point p in RN . Suppose
dr(p) 6= 0. There is then a neighborhood of p on which the zero
set of r defines a hypersurface (submanifold of codimension one)
in RN . We say that r is a local defining function for M near p.

Next let Ω be an open subset of RN ; we call r a defining function
for Ω if the following hold: Ω = {x : r(x) < 0},
bΩ = {x : r(x) = 0}, and dr(x) 6= 0 on bΩ. For us Ω will be an
open set in Cn and bΩ will be a real hypersurface in Cn.
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Let r be a defining function for a real hypersurface in Cn containing
0 By definition dr(0) 6= 0, and the origin is not a critical point.

On the other hand, if the pure term 2Re(zn) were not there, then
we would have a squared norm ||f ||2 of a holomorphic mapping,
and the origin would be a critical point for this function. The
function ||f ||2 has a strict local minimum at 0 if and only if the
(germ of the) variety defined by the components of f consists of
the origin alone. There are many algorithms in commutative
algebra and complex analysis for deciding whether a variety is a
single point.
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Real analytic hypersurfaces and subvarieties

Let M be a real-analytic subvariety of Cn containing p. By
definition M is locally given by the common zeroes of a finite
collection of real-analytic real-valued functions. We may assume
that M is given near p by the vanishing of a single real-analytic
real-valued function r ; if M were defined by the vanishing of
several such real functions, say r1, ..., rk , then M could also be
defined by the zeroes of the single function

∑
r2
j . Assume M is the

zero set of a single function r . When M is of higher codimension
than one at p, or when M is of codimension one but not smooth at
p, then dr(p) must vanish. When dr(p) 6= 0, then M is a smooth
real hypersurface near p, and hence of real dimension n − 1.
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Let r be a real-analytic Hermitian symmetric function defined near
p. We may suppose that it is defined near p by
r(z , z) = 2Re(h(z)) + ||f (z)||2 − ||g(z)||2, where f and g are
Hilbert space valued holomorphic functions defined near p. The
analogue of Theorem 2.3 holds in this setting; if V is the (germ of
a) complex analytic variety passing through p and lying in M, then
there is a holomorphic curve t → z(t) such that z∗h = 0 and
||z∗f ||2 = ||z∗g ||2. By an earlier theorem, there is a constant linear
map U such that z∗(f − Ug) = 0. Using this result (and assuming
Theorem 3.5) we will establish in Theorem 2.4 a fundamental fact
about compact real analytic subvarieties.
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When M is real-analytic, the set W of points p ∈ M for which
there is a (germ of a) complex analytic variety through p and lying
in M is a closed subset of M. Assuming this result we derive a
basic result of Diederich-Fornaess [DF1]: if M is a compact
real-analytic subvariety, then M contains no germs of complex
analytic varieties; thus W is empty when M is compact.

Theorem (Diederich-Fornaess)

A compact real analytic subvariety of Cn contains no
positive-dimensional complex analytic subvarieties.
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Proof Let M be the given compact real analytic subvariety, and let
W be the set of p ∈ M for which there is a positive dimensional
ambient complex variety passing through p and lying in M. We
want to show that W is empty. It can be shown that W is a closed
subset of M, and hence W is a compact subset of Cn. Suppose W
is not empty. The function z → ||z ||2 is continuous on W , and
hence achieves a maximum at some point p ∈ W . Thus p is the
point of W farthest from the origin.
Let φ be given by φ(z) = 1

1−〈z,p〉+||p||2 . Then φ(p) = 1. Also φ is

holomorphic except where the denominator vanishes, and hence
near each point of W . By the Cauchy-Schwarz inequality, the
restriction of φ to W achieves its maximum at p. The explicit
complex variety V = V (h, f − Ug) contains p and lies in M. Is it
just p?
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Since V ⊂ W , the holomorphic function φ achieves a maximum on
V , which contradicts the maximum principle for holomorphic
functions on a variety. Alternatively we could use Lemma 2.5 to
find a holomorphic curve whose image is in W , and then apply the
maximum principle in one dimension. Hence W must be empty.
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Corollary

Let Ω be a bounded domain in Cn with real-analytic boundary.
Then bΩ contains no non-constant holomorphic curves.
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Euclidean convexity

A subset S of real Euclidean space is convex if, for each pair of
points p, q ∈ S , the line segment between them lies in S . Thus, for
0 ≤ t ≤ 1, tp + (1− t)q ∈ S .

Let us recall from calculus several tests for convexity. These real
variable ideas motivate our approach to pseudoconvexity, the more
elusive analogous notion appropriate in complex analysis.
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The simplest situation to visualize arises in freshman calculus. A
function on the real line is called convex if the following inequality
holds for all p, q ∈ R and for all t ∈ [0, 1]:

f (tp + (1− t)q) ≤ tf (p) + (1− t)f (q). (1)

For each x ∈ [p, q], the point (x , f (x)) is below or on the line
segment from f (p) to f (q).
The following statement is both obvious geometrically and easy to
prove: f is a convex function if and only if the subset S of R2

defined by S = {(x , y) : y > f (x)} is a convex set.
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Furthermore, if f is twice differentiable, then f is convex if and
only if f ′′ is a nonnegative function. One can define convex
function of several variables as well. A twice differentiable function
of several real variables is convex on a domain if and only if its
matrix of second derivatives is non-negative definite at each point
of the domain.

78 / 328



Exercise. Verify that a differentiable function on R is convex if and
only if its derivative is nondecreasing. Then verify that a twice
differentiable function is convex if and only if its second derivative
is nonnegative.

Exercise. Prove that S = {(x , y) : y > f (x)} is a convex set if and
only if f is convex. Suggestion: show first that it suffices to verify
the line segment condition for convexity assuming p and q are on
the boundary. Exercise. Assume f is continuous and satisfies (1)

for all p, q when t = 1
2 . Show that f satisfies (1) for all t and

hence is convex.
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Let S be a subset of Rn with a twice continuously differentiable
defining function r . Thus r : Rn → R is of class C 2, dr(x) 6= 0

when r(x) = 0, and S is the set of points where r < 0. We write

M for the boundary bS ; then M is a real submanifold of Rn of
codimension one. If x ∈ M, then the tangent space TxM at x is
the set of v ∈ Rn such that 〈dr(x), v〉 = 0. Each tangent space is
a real vector space of dimension n − 1.
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Suppose p ∈ M. By the implicit function theorem, we can find a
neighborhood Ω of p, a local coordinate system, and a smooth
function g such that such that the following hold on Ω:
1) p is the origin in Rn.
2) M ∩ Ω = {x : xn = g(x1, ..., xn−1)}.
3) g(0) = 0 and dg(0) = 0.
We use the notation (x ′, xn) for these coordinates.
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The function r given by r(x) = g(x1, ..., xn−1)− xn = g(x ′)− xn is
then a local defining function for M near p, analogous to the
function f (x)− y above.
When is {xn > g(x ′)} convex?
Answer: g must be a convex function of its n − 1 variables.
When g is twice differentiable, it is convex if and only if its matrix
of second derivatives, or (real) Hessian, is non-negative definite at
each point.
For a twice differentiable function r we let D2r(x) denote its
Hessian at x .
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Let r be a defining function of class C 2 for a set S . What is the
condition for convexity?
Answer: S is convex if and only if, at each point x of the boundary
M, the restriction of D2r(x) to TxM is non-negative definite.

Convexity Condition: If 〈dr , v〉(p) = 0, then D2r(p)(v , v) ≥ 0.
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Lemma
With the notation in the above paragraphs, assume for all x ∈ M
that D2r(x) is nonnegative definite on TxM. Then S is convex.
Conversely, if S is convex, then for each x ∈ M, D2r(x) is
nonnegative definite on TxM.

Proof. Suppose first that D2r(x) is actually positive definite on
TxM. Given distinct points p, q ∈ S , let v = p − q. Consider the
line segment tp + (1− t)q connecting them. We want to show
that tp + (1− t)q ∈ S for all t ∈ [0, 1].
We may without loss of generality assume that p and q are
boundary points.
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Pull back to the line segment connecting them.
Thus we consider the smooth function φ defined by
t → r(tp + (1− t)q) = φ(t). Then φ(0) = φ(1) = 0 as q and p
are boundary points.
Let W be the subset of [0, 1] for which φ(t) is in the closure of S ;
W contains 0 and 1. If W isn’t [0, 1], then φ achieves a positive
maximum for some t ∈ (0, 1), and hence there is some point where
φ′(t) = 0 and φ′′(t) ≤ 0.

0 =
∑

rxj (φ(t))(pj − qj) = 〈dr(φ(t)), v〉

0 ≥ φ′′(t) =
∑
j ,k

rxjxk
(tp+(1−t)q)(pj−qj)(pk−qk) = D2r(φ(t))(v , v).

Since v 6= 0, we contradict the definiteness of the Hessian.
When D2r is only semi-definite, we may add a small convex term
ε||x ||2 to r , and use a limiting argument to reduce to the case
where D2r is positive definite. Thus D2r ≥ 0 guarantees convexity.
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The converse is proved by contrapositive and a Taylor series
argument.

If the Hessian has a negative eigenvalue at some x in M, we will
show that S is not convex.

Choose coordinates such that x is the origin, r has the form
g(x ′)− xn, that dg(0) = 0, but for some v , D2g(0)(v , v) < 0. Put
p(t) = tv − εen = (tv ,−ε) for sufficiently small positive ε. Here en

is the inner unit normal at the origin and p(0) is not in S . We
expand r in a Taylor series to order two in t:

r(p(t)) = r(tv − εen) = g(tv) + ε = ε +
t2

2
D2g(0)(v , v) + ...

Since the Hessian is negative we can find t such that r(p(t)) < 0.
By continuity we can go from p(0) in both the ±v directions to
obtain t1 and t2 where r(p(tj)) = 0. Thus we have a line segment
connecting two boundary points of S and also containing the point
p(0), which is outside of S . Thus S is not convex.
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The Levi form

Pseudoconvexity is the complex analogue of Euclidean convexity.
The notion of pseudoconvexity is however considerably more
elusive than that of Euclidean convexity. For example, every open
set in C is pseudoconvex!
Perhaps the most important result from twentieth century complex
analysis was the solution of the Levi problem, which characterized
pseudoconvex domains.
Here we will need only to understand when a domain with smooth
boundary is pseudoconvex. The answer then involves the Levi
form, which is the complex analogue of the real Hessian.
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What do we mean by a domain in Cn with smooth boundary? A
domain is an open and connected set; a domain has smooth
boundary if its boundary is a smooth real manifold (necessarily of
real codimension one). Let Ω be a domain in Cn with smooth
boundary, and assume that p ∈ bΩ. We may suppose bΩ is given
near p by the vanishing of a smooth defining function r with
dr(p) 6= 0. By convention r < 0 on Ω.

The condition of pseudoconvexity can be expressed in terms of the
first and second derivatives of a defining function r . We will
continue to write partial derivatives as subscripts, but we also try
to use more aesthetic notation when possible. Let 〈 , 〉 denote the
contraction of forms and vector fields.
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A complex vector field X on Cn can be expressed as a smooth
combination of the first order derivative operators:

X =
n∑

j=1

aj
∂

∂z j
+

n∑
j=1

bj
∂

∂z j
.

We say that X is a (1, 0) vector field on Cn if each bj vanishes
identically. Let T 1,0bΩ be the bundle whose sections are the (1, 0)
vector fields tangent to bΩ. In coordinates, a vector field
L =

∑n
j=1 aj

∂
∂zj

is a local section of T 1,0bΩ if, on bΩ

〈∂r(z), L(z)〉 =
n∑

j=1

aj(z)rzj (z) = 0. (4)

Then bΩ is pseudoconvex at p if, whenever (4) holds at p, we have

D2r(p)(a, a) =
n∑

j ,k=1

rzjzk
(p)aj(p)ak(p) ≥ 0. (5)
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We wish to express (5) more invariantly. The bundle T 1,0(bΩ) is a
subbundle of T (bΩ)⊗ C. The intersection of T 1,0(bΩ) with its
complex conjugate bundle is the zero bundle, and their direct sum
has fibers of codimension one in T (bΩ)⊗ C. Let η be a
non-vanishing purely imaginary one form annihilating this direct
sum. Then (4) and (5) together become

λ(L, L) = 〈η, [L, L]〉 ≥ 0 (6)

on bΩ for all local sections of T 1,0(bΩ). The left-hand side of (6)
defines a Hermitian form λ on T 1,0(bΩ) called the Levi form. The
Levi form is defined only up to a multiple, but this ambiguity
makes no difference in what we will do. The boundary bΩ is called
pseudoconvex if at each point of bΩ all nonzero eigenvalues of the
Levi form have the same sign. In this case, we multiply by a
constant to ensure that the Levi form is nonnegative definite.

90 / 328



A real hypersurface M is pseudoconvex if its Levi form is
nonnegative definite on T 1,0M. It is strongly pseudoconvex at p if
its Levi form is positive definite at p. A domain with smooth
boundary is (Levi) pseudoconvex if its Levi form is nonnegative
definite at each boundary point and strongly pseudoconvex if its
Levi form is positive definite at each boundary point.

If a real hypersurface M is the boundary of a bounded domain,
then there is least one point where the Levi form is positive
definite; take the point p farthest from the origin. Then M will
osculate a sphere to second order at p, and hence its Levi form will
be positive definite there.
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We provide some coordinate free formulas for clarifying the several
points of view we have introduced. Let M be a a real hypersurface
in Cn, and suppose that M is locally given by the vanishing of a
smooth function r such that dr 6= 0 on M. A vector field X on Cn

is tangent to M if and only if X (r) = 〈dr ,X 〉 = 0 on M. If X is
also a (1, 0) vector field, then 〈∂r ,X 〉 = 0, and this tangency
condition becomes 〈∂r ,X 〉 = 0 on M. We may choose the
differential form η to be

η =
1

2
(∂ − ∂)(r). (7)

We then have dη = −∂∂r .

92 / 328



Let L and K be vector fields. By the Cartan formula for the
exterior derivative of a one-form we obtain

〈dη, L ∧ K 〉 = L〈η, K 〉 − K 〈η, L〉 − 〈η, [L,K ]〉. (8)

When L and K are (1, 0) vector fields tangent to M, two of these
terms vanish, giving

λ(L,K ) = 〈η, [L,K ]〉 = 〈−dη, L ∧ K 〉 = 〈∂∂r , L ∧ K 〉. (9)

The (1, 1) form ∂∂r is essentially the complex Hessian of r . Thus
the Levi form can be regarded as the restriction of the complex
Hessian of r to the space of (1, 0) vector fields tangent to M.
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Exercise. Let r be a defining function for a strongly pseudoconvex
hypersurface M. Show for sufficiently large real λ that eλr − 1 is a
strongly plurisubharmonic defining function for M.

According to the previous exercise, all strongly pseudoconvex
domains admit strongly plurisubharmonic defining functions. Not
all pseudoconvex domains admit plurisubharmonic defining
functions, however. Diederich-Fornaess introduced a class of
smoothly bounded pseudoconvex domains in C 2 with remarkable
properties. The closure of such a domain does not admit a Stein
neighborhood basis, and there is no differentiable plurisubharmonic
defining function. The boundaries of these worm domains are
strictly pseudoconvex except on a certain annulus.
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Exercise. Easy. Show that the domain defined by∑n
j=1 |zj |2 − 1 < 0 (the unit ball) and the domain defined by

2Re(zn) +
∑n

j=1 |zj |2 < 0 are biholomorphically equivalent.

Exercise. Show that the unit ball and the Siegel half space (the
domain given by Re(zn) +

∑n−1
j=1 |zj |2 < 0 ) are biholomorphically

equivalent.

The following result is important for us because the sphere is
strongly pseudoconvex:

Theorem
Let M be a real hypersurface in Cn, and assume that M is strongly
pseudoconvex at p. Then every holomorphic curve lying in M and
passing through p is a constant.
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Proof.
If z is a nonconstant holomorphic curve, then we may assume that
z(t) = p + tmv + ..., where v is a nonzero vector, m ≥ 1, and the
dots denote higher order terms. Choose a defining function r for
M near p. If z lies in M, then r(z(t)) = 0. Hence (10) and (11)
hold for all t:

0 =

(
∂

∂t

)m

r(z(t)) (10)

0 =

(
∂

∂t

)m ( ∂

∂t

)m

r(z(t)), (11)

After routine computation with the chain rule and evaluation at
t = 0, (10) tells us that v ∈ T 1,0

p (M) and (11) tells us that the
Levi form on v vanishes. By strong pseudoconvexity v = 0. We
obtain a contradiction unless z is a constant map.
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We can strengthen Theorem 3.1 by making it quantitative. Using
order of contact we will discover (for n ≥ 2) that M is strongly
pseudoconvex at p if and only if the order of contact of every
holomorphic curve with M at p is at most two.

Exercise. Give an example of a hypersurface M in Cn containing p
for which there are no nonsingular holomorphic curves through p
lying in M but for which there are such nonconstant singular
holomorphic curves.

Exercise. Suppose that r = Re(zn) +
∑K

j=1 |fj(z)|2 for holomorphic
functions fj . Verify that the level sets of r are pseudoconvex. Find
a formula for the determinant of the Levi form when the fj are
independent of zn.
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Exercise. Find a defining equation for a smooth real hypersurface
M that is strongly pseudoconvex at all points except one.

Exercise. Let Ω be a strongly pseudoconvex domain with p ∈ bΩ.
Show that there is a linear function L with L(p) = 0 but whose
other nearby zeroes lie outside the closed domain. Thus 1

L is
holomorphic at points of Ω near p but it blows up at the boundary
point p. In fact there is a function f holomorphic on all of Ω such
that f blows up at p, but this fact is harder to prove. Thus a
strongly pseudoconvex domain is a domain of holomorphy.
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CR Geometry and Proper Holomorphic Mappings

The connection between CR Geometry and positivity conditions
arises via proper holomorphic mappings.

Definition
Suppose f : X → Y is continuous. Then f is proper if, for all
compact K ⊂ Y , f −1(K ) is compact in X .

Suppose that we take one-point compactifications of X and Y and
we extend f by making f (∞) = ∞. Then f is proper if and only if
the extended map is continuous.

Hence, if X and Y are domains in Cn and f : X → Y is
holomorphic and f extends to bX , then the extended function is a
CR map from bX to bY .
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Conversely, in many situations we can holomorphically extend a CR
mapping to be holomorphic in the interior. Many experts here on
CR extension! Ask them.

When X and Y are unit balls, and f extends, we get the equation

||f (z)||2 = 1

on the set ||z ||2 = 1.
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Let Bn denote the unit ball in Cn. We make a systematic study of
proper holomorphic mappings between balls and related problems,
leading to analysis, combinatorics, number theory, etc.

A proper map f : B1 → B1 is a finite Blaschke product. Thus there
are finitely many points aj in B1 and positive integer multiplicities
mj such that

f (z) = e iθ
K∏

j=1

(
z − aj

1− ajz
)mj .
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I A proper map f : B1 → B1 is a finite Blaschke product.

I There are no proper maps f : Bn → Bk for k < n.

I For n ≥ 2, a proper map f : Bn → Bn is an automorphism
(linear fractional map).

I For N > k, there are non-rational proper maps f : Bn → BN .

I As N →∞, the dimension of the space of rational proper
maps f : Bn → BN tends to infinity.
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Positivity conditions: introduction

The complex numbers are not an ordered field and any inequalities
we use must involve real-valued functions. We will discuss various
positivity conditions for real-analytic real-valued functions on
complex Euclidean space and the relationships among them.

Hilbert’s 17-th problem. Hilbert asked whether a nonnegative
polynomial on real Euclidean space was necessarily the sum of
squares of rational functions. The problem was solved in the
affirmative by Artin in the 1920’s.

We are interested in analogous situations in complex analysis.
Consider a nonnegative polynomial p on R2n; we may think of it as
an Hermitian symmetric polynomial on Cn. By invoking Artin’s
result and putting things over a common denominator, there exist
real polynomials g1, ..., gk and q such that q2p =

∑
g2
j .
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We naturally ask whether we can find holomorphic q and G such
that |q|2p = ||G ||2 =

∑
|gj |2? The answer is easily seen to be no.

More generally we can ask whether we can find a vector-valued
holomorphic polynomial q such that ||q||2p = ||G ||2? The answer
again is no.

Theorem 6.2 provides a fairly general situation in which real-valued
polynomials must indeed be quotients of squared norms of
holomorphic mappings. We include several interesting applications
of this Theorem. We aim to provide a general discussion about
positivity conditions in complex analysis from a perspective
consistent with our work so far.
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We introduce a family of positivity conditions in the complex case.

Let P0 denote the set of Hermitian symmetric entire real-analytic
functions on Cn, and suppose that R ∈ P0. We say that R ∈ P1 if
R(z , z) ≥ 0 for all z . More generally we say that R ∈ Pk if, for
every choice of k points z1, ..., zk ∈ Cn, the k × k matrix with
entries R(zi , z j) is non-negative definite. Evidently for each k,
Pk+1 ⊂ Pk ; even if we restrict our consideration to polynomials,
each of these containments is strict. We therefore obtain an
interesting filtration of the collection of Hermitian symmetric
functions.
We relate these positivity conditions to concepts such as squared
norms, quotients of squared norms, and plurisubharmonicity. Our
applications include a result about rational proper mappings
between balls and an interpretation of Theorem 6.2 as an isometric
embedding theorem for holomorphic line bundles over complex
projective space.

105 / 328



The classes Pk

Fix the underlying dimension n. We will be considering Hermitian
symmetric polynomials and real-analytic functions on Cn ×Cn. We
will continue to write such objects as R(z ,w). As above we say
that R ∈ Pk if, for all a ∈ Ck and all z1, ...zk ∈ Cn we have

0 ≤
k∑

i ,j=1

R(zi , z j)aiaj . (1)

For a k by k matrix to be nonnegative definite it is of course
necessary that each smaller principal minor be nonnegative
definite, and hence Pj+1 ⊂ Pj holds for each j .

Definition
P∞ = ∩∞j=0Pj .
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Exercise. Assume there are entire holomorphic functions f1, f2, ...
such that

R(z , z) =
∞∑
j=1

|fj(z)|2 = ||f (z)||2.

Show that f ∈ Pk for all k.
We call a Hermitian symmetric function R a squared norm if there
is a Hilbert space H and a holomorphic H-valued function such
that R(z , z) = ||f (z)||2. By polarization we have
R(z ,w) = 〈f (z), f (w)〉. We next sketch a proof of the following
standard result in functional analysis characterizing P∞.

Theorem
P∞ consists precisely of squared norms of Hilbert space valued
holomorphic functions.
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Proof. (Sketch) It is easy to see that squared norms are in Pk for
each k and hence in P∞. We verify the opposite containment.
Suppose R ∈ P∞. Let V be the vector space of C-valued functions
of finite support. Let δz be the element of V that is 1 at z and 0
elsewhere. Define a pseudo-inner product 〈u, v〉R on V by

〈u, v〉R =
∑

u(z)v(w)R(z ,w). (2)
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The sum is finite by the support condition. Since R ∈ P∞, we
have 〈u, u〉R ≥ 0 for all u. Linearity in the first slot and Hermitian
symmetry are evident. Formula (2) therefore has all the properties
of being an inner product (see Lecture 1) except positive
definiteness. Let W be the set of u for which 〈u, u〉R = 0. We
claim that W is a subspace of V . It is obvious that if u ∈ W , then
cu ∈ W . The subtle point is that if u, v ∈ W , then u + v ∈ W .
To verify this point, consider u + λv for λ ∈ C. Assume u, v ∈ W .
We then have

0 ≤ 〈u + λv , u + λv〉R = 2Re(〈λv , u〉R) = 2Re(λ〈v , u〉R). (3)
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If we now choose λ in (3) to be −〈u, v〉R we obtain a
contradiction unless 〈u, v〉R = 0. Thus this cross term vanishes.
Hence, if 〈u, u〉R = 〈v , v〉R = 0, then 〈u + v , u + v〉R = 0. Thus
W is a subspace.
It follows that 〈u, v〉R induces an inner product on the quotient
space V /W . Complete this quotient space to a Hilbert space H.
Let f (z) denote the image in H of the delta function δz ∈ V .
Since R is real-analytic, we obtain a holomorphic map f : Cn → H
for which R(z , z) = ||f (z)||2.
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The classes Pk are distinct!

Let m be a positive integer and a ∈ R. Consider the two parameter
family of polynomials given by

Rm,a(z , z) = (|z1|2 + |z2|2)2m − a|z1|2m|z2|2m.

When m = 1, completing the square shows that Rm,a ∈ P1 for
a ≤ 4 and Rm,a ∈ P∞ for a ≤ 2. For m = 1 and k ≥ 2, Rm,a ∈ Pk

if only if Rm,a ∈ P∞. Thus there are two critical values of a, a = 2
and a = 4. As m increases the number of critical values increases
Letting m tend to infinity shows that all the classes are distinct.
1) For each fixed m we have Rm,a ∈ P1 if and only if a ≤ 22m.
2) For each fixed m we have Rm,a ∈ P2 if and only if a ≤ 22m−1.
3) For each fixed m we have Rm,a ∈ P∞ if and only if a ≤

(2m
m

)
.

4) For each fixed m and k > m, we have Rm,a ∈ Pk if and only if
Rm,a ∈ P∞.
5) For each fixed m there are a finite number of critical values
before things stabilize.
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Intermediate conditions

We are also interested in other conditions and properties
intermediate between P1 and P∞. One such property is that R is
the quotient of squared norms of Hilbert space valued holomorphic
mappings. Other properties include that R is plurisubharmonic,
that log(R) is plurisubharmonic, and so on.
We begin by introducing two necessary conditions for being a
quotient of squared norms. First it is evident that if

R(z , z) = ||A(z)||2
||B(z)||2 , then the zero set of R must be a complex

analytic variety. The second condition is more interesting.
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Definition
A real-analytic function r (or formal series) in t and t has a good
jet at 0 if r(t, t) = 0 or if r vanishes to even order 2m at 0 and
there is a positive c such that

j2m,0r(t, t) = c |t|2m. (4)

Thus if r vanishes to finite order, then the order must be even and
the initial form can have only the term in (4). It follows that r has
a strict local minimum at 0.
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Example

1) r has a good jet at 0 if r(0, 0) > 0.
2) r has a good jet at 0 if r(t, t) = |t|2m.
3) If rc = |t|2 + c(t2 + t2), then r good only when c = 0.
4) If rc = |t|4 + c(tt4 + t4t), then rc good jet for all c .
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Let us continue to pullback to curves. Let R be a Hermitian
symmetric real analytic function (or formal series) defined near 0 in
Cn. We say that R ∈ J if, for every germ of a holomorphic curve
z (or formal series) with z(0) = 0, z∗R ∈ B. We say informally
that R has the good jet pullback property.

Lemma
Let r be real-analytic (or a formal series) near 0 ∈ Cn. Suppose
there are holomorphic maps (or formal maps in z alone) A and B

taking values in a Hilbert space such that r(z , z) = ||A(z)||2
||B(z)||2 . Then

r ∈ J .
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Proof.
For any holomorphic curve z we have z∗r = ||z∗A||2

||z∗B||2 . If z∗A = 0

then z∗r ∈ B. Otherwise we may write z∗A = vtm + ... and
z∗B = wtk + ... where m ≥ k, v 6= 0 ,and w 6= 0. Then there is a
unit u such that

z∗r(t, t) = |t|2m−2k ||v + ...||2

||w + ...||2
= |t|2m−2ku(t, t). (5)

By (5) the lowest order part of z∗r is a positive constant times
|t|2m−2k and the result follows.

We pause to define the term bihomogeneous polynomial.

Definition
A bihomogeneous polynomial is a polynomial R(z , z) of even
degree 2d such that R(tz , tz) = |t|2dR(z , z).
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Although the definition allows for R(z , z) to be complex-valued,
we will usually assume that R is Hermitian symmetric and hence
that R(z , z) is real-valued. A bihomogeneous polynomial is
homogeneous of the same degree in z and z . For a polynomial r in
one variable, the condition r ∈ B implies that the initial form of r
is bihomogeneous. We next use Lemma 6.1 to give some examples
of elements in P1 that are not quotients of squared norms.

Example

The following bihomogeneous polynomials are non-negative but
cannot be written as quotients of squared norms:

p(z , z) = (|z1|2 − |z2|2)2 (6)

h(z , z) = (|z1z2|2 − |z3|4)2 + |z1|8. (7)
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The polynomial p from (6) is not a quotient of squared norms; its
zero set is three real dimensional, and hence not a complex variety.
Alternatively the necessary condition of Lemma 6.1 fails, we can
choose z(t) = (1 + t, 1). Then

p(z(t), z(t)) = (t + t + |t|2)2 (8)

and the initial form is not a good jet.
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The zero set of the non-negative bihomogeneous polynomial h in
(7) is the complex variety defined by z1 = z3 = 0, and thus a copy
of C. Yet h is not a quotient of squared norms; it doesn’t satisfy
the necessary condition of Lemma 6.1. Consider the mapping given
by z(t) = (t2, 1 + t, t). The pullback h(z(t), z(t)) vanishes to
order ten at the origin, but the terms of order ten include t4t6.

Exercise. Assume n = 1. Give a necessary and sufficient condition
for a polynomial r(z , z) to be a quotient of squared norms.
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Another interesting condition is that there is a positive integer N
such that RN is a squared norm of a holomorphic mapping. Thus
there is a Hilbert space H and a holomorphic mapping f : Cn → H
such that

r(z , z)N = ||f (z)||2 (9)

We say that r ∈ Rad(P∞) if r satisfies (9) for some N.
Exercise. Assume n = 1 and put r(z , z) = |z |4 − |z |2 + 1. Show
that r can be written as a quotient of squared norms of
holomorphic polynomial mappings, but that r cannot be written as
a squared norm.
Exercise. Show that the function 2− |z |2 agrees with a squared
norm on no open subset of C.
Exercise. Give an example of polynomials r , s such that each is in
Rad(P∞) but such that their sum is not. (Hint: there is an
example with s = 1.)
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We naturally also consider positivity conditions on specific sets.
For example, consider the following problem. Suppose that r(z , z)
is a Hermitian symmetric polynomial, and that r(z , z) ≥ 0 on the
unit sphere. Must r agree with a squared norm of a holomorphic
polynomial on the sphere? The answer is no, but the answer would
be yes if we had assumed that r was strictly positive on the sphere.

Exercise. (Open problem). Let M be strongly pseudoconvex and
algebraic; thus M is defined by a polynomial equation. Let r(z , z)
be a polynomial with r > 0 on M. Must r equal a squared norm of
a holomorphic polynomial mapping on M?
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The global Cauchy-Schwarz inequality

The positivity class P2 turns out to be particularly interesting. The
two conditions for r ∈ P2 are that r(z , z) ≥ 0 for all z and that r
satisfies the global Cauchy-Schwarz inequality (10). For all z and
w ,

r(z , z)r(w ,w) ≥ |r(z ,w)|2. (10)

The inequality (10) has many consequences. It implies that r(z , z)
achieves only one sign; we therefore without loss of generality
usually assume r(z , z) ≥ 0 when we state (10). It is easy to give
examples functions in P2.
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Lemma
Rad(P∞) ⊂ P2. Thus roots of squared norms satisfy (10).

Proof.
Suppose that rN = ||f ||2. By the usual Cauchy-Schwarz inequality,

(r(z , z)r(w ,w))N = ||f (z)||2||f (w)||2 ≥ |〈f (z), f (w)〉|2 = |r(z ,w)|2N

(11)
Since N > 0, we may take N-th roots of both sides of (11) and
preserve the direction of the inequality.

We next recall the definition of plurisubharmonicity and discuss its
relationship with the global Cauchy-Schwarz inequality. See
[Calabi] for related geometric ideas. We also introduce bordered
Hessians.
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Definition
A C 2 function is plurisubharmonic if for all z , a ∈ Cn, we have

n∑
i ,j=1

rziz j (z , z)aiaj = Hr(z , z)(a, a) ≥ 0 (12)

Thus r is plurisubharmonic when its complex Hessian is
nonnegative, and plurisubharmonicity is the complex analogue of
convexity. When n = 1 the condition is that the Laplacian of r be
nonnegative; that is, r is subharmonic.
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In addition to the Hessian of a function, the bordered Hessian
often arises. Given a C 2 function r on Cn, we define its bordered
Hessian to be the n + 1 by n + 1 matrix

rz1z1 rz1z2 . . . rz1zn rz1

rz2z1 rz2z2 . . . rz2zn rz2

. . . . . . . . . . . . . . .
rznz1 . . . . . . rznzn rzn

rz1 . . . . . . rzn r

 =

(
H(r) ∂r

∂r r

)
.
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Exercise. Show that the logarithm of a smooth nonnegative
function r is plurisubharmonic if and only if the bordered Hessian
of r is nonnegative definite.

Exercise. Show that the determinant of the bordered Hessian of a
bihomogeneous polynomial vanishes identically. Suggestion: Start
with |t|2dR(z , z) = R(tz , tz). Differentiate twice to discover a
nonzero vector in the null space of the bordered Hessian.

Exercise. Show that a nonnegative bihomogeneous polynomial is
plurisubharmonic if and only if its logarithm also is.
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Theorem
Suppose r ∈ P2. Then both log(r) and r are plurisubharmonic.

Proof. If log(r) is plurisubharmonic, then r is also, because
x → ex is a convex increasing function on R. Instead of proving
things this way, however, we compute the complex Hessian for r to
see how (10) gets used. Note that r ≥ 0. Put w = z + ta for
t ∈ C and a ∈ Cn. Then by (10) we have

0 ≤ r(z , z)r(z + ta, z + ta)− |r(z , z + ta)|2 = h(t, t). (13)

Obviously h vanishes at t = 0, so 0 is a local minimum point for
the function h. Hence its Laplacian (complex Hessian in this case)
htt(0) is nonnegative. Computing the Laplacian by the chain rule
and evaluating at t = 0 gives

0 ≤ htt(0) = r(z , z)
∑

rzjzk
(z , z)ajak − |

∑
rzj (z , z)aj |2 (14)
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Restating (14) in alternative notation gives

r(z , z) Hr(z , z)(a, a) ≥ |∂r(z , z)(a)|2 ≥ 0. (15)

In case r is positive at z , we can divide by it and see that r is also
plurisubharmonic there. If r vanishes at z , then z is a local
minimum point for r and its complex Hessian is nonnegative there
as well.
In fact (15) is the stronger condition for log(r) to be
plurisubharmonic. In case r can be 0, as is customary we allow the
value −∞ for log(r). We have

(log(r))zjzk
=

rrzjzk
− rzj rzk

r2
. (16)

Combining (15) and (16) shows that log(R) is plurisubharmonic.
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If log(r) is plurisubharmonic, then r need not be in P2. We give a
simple example here (from Lecture 2) and a more subtle one in
Proposition 6.3.

Example

Let n = 1, and put r(z , z) = |z |2 + c(z2 + z2). Then r is
subharmonic for all choices of the constant c , but r changes sign
when c > 1 in which case (10) fails. In fact (10) fails for any
positive c . Evaluating at z = 1 and w = i shows that

|r(1, i)|2 = 1 > 1− 4c2 = r(1, 1)r(i ,−i)

Thus, even when r is a nonnegative, plurisubharmonic,
homogeneous polynomial, we cannot conclude that (10) holds.
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In order to develop a feeling for the Cauchy-Schwarz inequality, let
r be a real-valued polynomial r on Cn. Write

r(z , z) = ||f (z)||2 − ||g(z)||2. (17.1)

We may assume that the components of f and g are linearly
independent. We next interpret some of our positivity conditions in
the setting of (17.1).
Of course r ∈ P1 if and only if ||f (z)||2 ≥ ||g(z)||2 for all z , and r
is a squared norm if and only if we may choose g = 0. It is
plurisubharmonic if and only if the Hessian of ||f ||2 is greater than
or equal to (as a matrix) the Hessian of ||g ||2. We characterize
when the global Cauchy-Schwarz inequality holds for ||f ||2 − ||g ||2.
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Assume f , g are Hilbert space valued holomorphic functions. As is
customary in multilinear algebra we write
(f ∧ g)(z ,w) = f (z)⊗ g(w)− f (w)⊗ g(z).

Lemma
Let H be a Hilbert space, and assume that f and g are
holomorphic mappings to H. Put

r(z ,w) = 〈f (z), f (w)〉 − 〈g(z), g(w)〉 (17.2)

Then (GCS) holds if and only if, for every pair of points z and w,
either of the equivalent inequalities holds:

||f (z)⊗ g(w)− f (w)⊗ g(z)||2

≤ ||f (z)||2||f (w)||2−|〈f (z), f (w)〉|2+||g(z)||2||g(w)||2−|〈g(z), g(w)〉|2

||(f ∧ g)(z ,w)||2 ≤ ||(f ∧ f )(z ,w)||2 + ||(g ∧ g)(z ,w)||2.
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Proof.
Substitute (17.2) into (GCS) and expand. Use the identity
〈u1 ⊗ v1, u2 ⊗ v2〉 = 〈u1, u2〉〈v1, v2〉, collect terms, and simplify. It
follows that inequality (18.1) is equivalent to (10). We leave the
more elegant form (18.2) to the reader.

Observe that each term on the right side of above is nonnegative
by the usual Cauchy-Schwarz inequality. The Global
Cauchy-Schwarz inequality demands more; their sum must bound
an explicit nonnegative expression that reveals the symmetry of the
situation.
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A complicated example

The following nine things hold for the bihomogeneous polynomial
ra, defined for a ∈ R by

ra(z , z) = (|z1|2 + |z2|2)4 − a|z1z2|4.

1) ra ∈ P1 if and only if a ≤ 16.
2) ra is the quotient of squared norms of holomorphic polynomial
mappings if and only if a < 16.
3) ra is plurisubharmonic if and only if a ≤ 12.
4) log(ra) is plurisubharmonic if and only if a ≤ 12.
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5) ra ∈ P2 if and only if a ≤ 8.
6) ra ∈ Rad(P∞) if and only if a < 8.
7) r2

a ∈ P∞ if and only if a ≤ 7.
8) ra ∈ P∞ if and only if a ≤ 6.
9) The underlying matrix of coefficients for ra is positive definite if
and only if a < 6 and nonnegative definite if and only if a ≤ 6.
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This example generalizes to n dimensions. The corresponding
function is

ra(z , z) = ||z ||4n − a|
∏

zj |4. (29)

Then r ∈ P1 if and only if a ≤ n2n. Also ra ∈ P2 if and only if
a ≤ n2n

2 . Finally ra ∈ P∞ if and only if a ≤ (2n)!
2n .
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The results in this section provide a beautiful application of
L2-methods for proving concrete statements about polynomials.
Let Ω be a bounded domain in Cn, and let A2(Ω) denote the
square integrable holomorphic functions on Ω. Then A2(Ω) is a
closed subspace of L2(Ω). The Bergman projection P from L2(Ω)
to A2(Ω) will be a key tool in this section. We will use it when Ω
is the unit ball Bn to provide an analogue of Hilbert’s 17th problem
for Hermitian symmetric polynomials. See Theorems 6.2 and 6.3.
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Even for bihomogeneous polynomials, nonnegativity does not imply
any of our other positivity conditions. If, however, r is a
bihomogeneous polynomial and it is strictly positive away from the
origin, then r is a quotient of squared norms of holomorphic
polynomial mappings. One can choose the denominator to be
||z⊗d ||2 for sufficiently large d . This result was proved by Quillen
and Catlin-D’Angelo.
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Let R be a polynomial with R(0, 0) = 0:

R(z , z) =
∑

1≤|α|+|β|≤2m

cαβzαzβ (30)

R(z , z) will be real for all z if and only if the underlying matrix of
coefficients C = (cαβ) is Hermitian symmetric. If C is
non-negative definite, then R will take on non-negative values, and
if C is positive definite, then R will be positive away from the
origin. Let N denote the number of multi-indices possible in (30).
The polynomial R can be considered as the restriction of the
Hermitian form in N variables

N∑
α,β=1

cαβζαζβ

to a Veronese variety given by the image under the parametric
equations ζα(z) = zα.
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We write Vm for the complex vector space of homogeneous
holomorphic polynomials of degree m, and we can thus identify a
bihomogeneous R, via its underlying matrix of coefficients, with an
Hermitian form on Vm. In this section on polynomials we reserve
the term squared norm for a finite sum of squared absolute values
of holomorphic polynomials. Note that a power of the squared
Euclidean norm is itself a squared norm, as ||z ||2d = ||z⊗d ||2.
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We recall some facts about the Bergman projection P on a
bounded domain Ω; we use this information only when Ω is the
unit ball Bn. For f ∈ L2(Ω), we have the formula

Pf (z) =

∫
Ω

B(z ,w)f (w)dV (w),

where B(z ,w) is called the Bergman kernel function of Ω. The
kernel B(z ,w) is known explicitly for a few domains; the unit ball
is one of them, and

B(z ,w) =
n!

πn
(1− 〈z ,w〉)−n−1. (31)

Note B(z ,w) =
∑

cj〈z ,w〉j where each cj is a positive number.
B(z ,w) is a Generating Function for powers of the inner product.
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A bounded operator T on L2 is called compact if, for every ε > 0,
there is an operator K with finite-dimensional range such that
||T − K || < ε.

The collection of compact operators forms a two-sided ideal in the
algebra of bounded operators. In other words, if K is compact and
T is bounded, then KT and TK are compact.

The Bergman projection P on a bounded domain is not compact;
it is the identity operator on an infinite dimensional subspace. On
the other hand, for every bounded multiplication operator T , the
commutator [P,T ] is compact. This result can be proved directly
for the ball. It follows also from a general result; if the ∂-Neumann
operator on Ω is compact, then [P,T ] is compact for every
bounded multiplication operator T .
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What is a compact operator?

The following self-referential but useful characterization of
compactness helps clarify the concept: L is compact if and only if,
for each ε > 0 there is a compact operator Kε such that

||Lf ||2 ≤ ε||f ||2 + ||Kεf ||2. (7)

The formulation (7) leads to easy proofs of basic facts about
compact operators.

Exercise. Suppose L is compact and T is bounded. Show that TL
and LT are compact.

Exercise. Prove (7) and use it to show that the adjoint of a
compact operator is compact.
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We have the following elementary but crucial Lemma.

Lemma
Let R(z ,w) be a bihomogeneous polynomial of degree (m,m) with
underlying matrix of coefficients (Eµν). The following are
equivalent:
1) (Eµν) is positive definite.
2) R = ||h||2 is the squared norm of a holomorphic homogeneous
polynomial mapping h whose components for a basis for Vm.
3) The integral operator KR defined by

KRg(z) =

∫
Bn

R(z ,w)g(w)dV (w)

is positive definite on Vm. In other words, there is a positive c
such that

〈KRg , g〉L2 ≥ c ||g ||2L2 (Pos)

for every g ∈ Vm.
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Exercise. Prove that distinct monomials in A2(Bn) are orthogonal.
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Theorem
Let R(z , z) be a real-valued bihomogeneous polynomial. The
following are equivalent:
1) R achieves a positive minimum value on the sphere.
2) There is an integer d such that

||z ||2dR(z , z) =
∑

Eµνz
µzν (32)

and (Eµν) is positive definite.
3) There is an integer d such that the integral operator Tm+d

defined by the kernel kd(z , ζ) = 〈z , ζ〉dR(z , ζ) is a positive
operator from Vm+d ⊂ A2(Bn) to itself.
4) There is an integer d and a holomorphic homogeneous
vector-valued polynomial g of degree m + d such that V(g) = {0}
and such that ||z ||2dR(z , z) = ||g(z)||2. In particular, R is a
quotient of squared norms.
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5) Write R(z , z) = ||P(z)||2 − ||N(z)||2 for holomorphic
homogeneous vector-valued polynomials P and N of degree m.
Then there is an integer d and a linear transformation L such that
the following are true:
5.1) I − L∗L is nonnegative definite.
5.2 ) z⊗d ⊗ N = L(z⊗d ⊗ P)
5.3) V(

√
I − L∗L(z⊗d ⊗ P)) = {0}.
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Proof. We will omit the proof of the equivalence of statement 5).
By using Lemma 6.3, it is obvious that statements 2) and 3) are
equivalent and that either implies statements 4) and 1). The main
point is that 1) implies 2) or 3). We will show that 1) implies 3).
We will write Mg for the operator given by multiplication by g . To
show that 1) implies 3) we consider the integral operator T
defined on L2(Bn) whose integral kernel is given by
B(z ,w)R(z ,w). We choose a smooth nonnegative function χ
such that χ(0) > 0 and χ has compact support. From the explicit
form of the Bergman kernel for the ball, we see that B(z ,w)χ(w)
is continuous with compact support and hence is the kernel of a
compact operator PMχ.
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We write

B(z ,w)R(z ,w) =

B(z ,w) (R(z ,w)− R(z , z))+B(z ,w) (R(z , z) + χ(w))−B(z ,w)χ(w))

to obtain T = T1 + T2 + T3, where the kernels of the operators
are given by the corresponding terms. We showed above that T3 is
compact on L2(Bn). Next we note that T2 is positive on A2(Bn).
Because P is a self-adjoint projection and because χ(z) + R(z , z)
is a positive function, for f ∈ A2(Bn) we obtain

〈T2f , f 〉L2 = 〈P(MR + Mχ)f , f 〉L2 = 〈(MR + Mχ)f , f 〉 ≥ c ||f ||2L2 .

Finally we analyze T1. Note that
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R(z ,w)− R(z , z) =
∑

cabz
a(wb − zb).

Let Lb denote the bounded operator given by multiplication by∑
a cabz

a, and let Mb denote multiplication by the monomial ζ
b
.

Then T3 can be written in the form T3 =
∑

b Lb[P,Mb]. The
commutator [P,Mb] is compact and Lb is bounded on L2. The
sum defining T3 is finite, and hence T3 is also compact. Thus T is
the sum of a compact operator and an operator T2 that is positive
on A2(Bn). After discarding a finite dimensional subspace of
A2(Bn) it follows that the restriction of T to the complement of
that subspace will be positive. Finally we expand B(z ,w) as a
series

∑
cj〈z ,w〉j , written in terms of the Euclidean inner product.

For sufficiently large j , it follows that the operator with kernel
cj〈z ,w〉jR(z ,w) will be positive on Vm+j . Thus 1) implies 3), and
the main point has been proved.
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This proof uses the Bergman kernel function on the unit ball Bn

and facts about compact operators on L2(Bn), whereas the proof
by Quillen uses a priori estimates and Gaussian integrals on all of
Cn. In both cases the orthogonality of the monomials makes things
much easier. In Theorem 6.6, following [CD2], we reinterpret
Theorem 6.2 in terms of isometric embedding for holomorphic line
bundles over complex projective space. See [CD3] for a general
result about isometric embedding of vector bundles over compact
complex manifolds.
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The main point for us is the equivalence of 1) and 4). A
bihomogeneous polynomial R is positive on the sphere if and only

if there is a d and g such that R = ||g ||2
||z⊗d ||2 and g vanishes only at

the origin. What happens when R is nonnegative on the sphere?
Example 6.1 provides two simple counterexamples for nonnegative
bihomogeneous polynomials. It is of course possible for a
nonnegative bihomogeneous polynomial to be a quotient of
squared norms. See [D11] for an elegant necessary and sufficient
condition in the one-dimensional case and [D12] for the general
analogue of statement 5). Using the resolution of singularities,
Varolin [V] found a decisive necessary and condition in terms of
the holomorphic decomposition of R. In particular he proved that
a bihomogeneous polynomial is a quotient of squared norms if and
only if its restriction to each rational curve is a good jet; one must
slightly generalize the definition (4), by allowing m to be negative,
to deal with infinity.
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Exercise. Put R = (|h1|2 − |h2|2)2 + |h3|2, for holomorphic
polynomials h1, h2, h3. Give necessary and sufficient conditions on
the hj such that R is a quotient of squared norms. If you cannot
find such conditions, give an example where the hj are linearly
independent and R is a quotient of squared norms, and give
another example where the hj are linearly independent and R is
not a quotient of squared norms.
To gain some feeling for Theorem 6.2, we next describe a version
of it in one real variable which dates back to Poincare. A version
due to Polya [HLP] holds in Rn.

Theorem
Let p be a polynomial in one real variable. Then p(t) > 0 for all
t ≥ 0 if and only if there is an integer d such that the polynomial
given by (1 + t)dp(t) has only positive coefficients. The minimum
such d can be arbitrarily large for polynomials of fixed degree.
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Proof.
(sketch) Factor p into linear and quadratic factors. It suffices to
verify the conclusion for each factor. The result is trivial for linear
factors. It therefore suffices to check it for the quadratic
polynomial p(t) = t2 + bt + c . We may assume b < 0 and c > b2

4 .
One can check this special case directly by finding formulas for the
coefficients of (1 + t)dp(t) and showing that the coefficients are
positive for d large enough.
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Proposition 6.4 is a special case of Theorem 6.2. To see why,
replace the variable t in p by | zw |

2 and clear denominators. The
result will be a bihomogeneous polynomial R which will be positive
away from the origin. Theorem 6.2 guarantees that
(|z |2 + |w |2)dR(z ,w , z ,w) will be a polynomial in |z |2 and |w |2
whose coefficients are all positive. Express it in terms of t and the
result follows.
Exercise. Show that Proposition 6.4 fails for real-analytic functions
on R that are positive for t ≥ 0.
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Theorem 6.3 provides a nice application of Theorem 6.2. Its proof
uses a bihomogenization argument; we therefore first consider the
technique of bihomogenization. Let R(z , z) be Hermitian
symmetric and of degree m in z ; hence it is also of degree m in z .
Its total degree could be anything from m to 2m. The
bihomogenization r of R is the polynomial r(z , t, z , t) defined by

r(z , t, z , t) = |t|2mR(
z

t
,
z

t
) (33)

for t 6= 0 and by continuity when t = 0. We can recover R from r ,
because r(z , 1, z , 1) = R(z , z). Note that r is bihomogeneous in
the n + 1 variables (z , t), that it is of degree m in both the
unbarred and barred variables in Cn+1, and that it is of total
degree 2m. We use the technique of bihomogenization to prove
the next beautiful result.
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Theorem
Let R(z , z) be a (not necessarily bihomogeneous) real-valued
polynomial such that R(z , z) > 0 on the unit sphere in Cn. Then
there is an integer N and a (holomorphic) polynomial mapping
g : Cn → CN such that R(z , z) = ||g(z)||2 on the unit sphere.
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Proof. Suppose that R is of degree m in z . If m is even we leave R
alone. If m is odd we multiply R by ||z ||2, getting a polynomial R ′

satisfying the same hypotheses as R and agreeing with R on the
sphere. We therefore without loss of generality may assume that
the degree m of R in z is even. We bihomogenize R, obtaining as
above a bihomogeneous polynomial r(z , t, z , t) such that
r(z , 1, z , 1) = R(z , z). Then r is bihomogeneous of total degree
2m, where m is even.
For C > 0, define a bihomogeneous polynomial FC by the formula

FC (z , t, z , t) = r(z , t, z , t) + C (||z ||2 − |t|2)m. (34)
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Suppose we can choose C such that FC is positive on the unit
sphere in n + 1 variables. By Theorem 6.2 there is an integer d
and a holomorphic polynomial mapping g for which

(||z ||2 + |t|2)dFC (z , t, z , t) = ||g(z , t)||2. (35)

Set t = 1 and then ||z ||2 = 1 in (35), and use (34). Since
r(z , 1, z , 1) = R(z , z), we obtain

2dR(z , z) = ||g(z , 1)||2, (36)

which gives the conclusion of the Theorem.
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Make C big enough such that FC positive on the unit sphere S in
n + 1 variables; by homogeneity it suffices to find C such that
FC > 0 on the sphere S ′ defined by ||z ||2 + |t|2 = 2.
Let ε denote the positive minimum of R on the unit sphere in Cn.
Thus there is some (z0, t0) with ||z0||2 = |t0|2 = 1 with
r(z0, t0, z0, t0) = ε. By continuity there is a δ > 0 such that
| ||z ||2 − |t|2 | < δ implies r(z , t, z , t) ≥ ε

2 . For | ||z ||2 − |t|2 | < δ
we then have FC ≥ ε

2 . Thus FC > 0 when ||z || and |t| are
approximately equal and ||z ||2 + |t|2 = 2, no matter what positive
C is chosen.
On the other hand, suppose | ||z ||2 − |t|2 | ≥ δ, and
||z ||2 + |t|2 = 2. The function r(z , t, z , t) achieves a minimum η
on S ′. We then have, because m is even,

FC ≥ η + C (||z ||2 − |t|2)m ≥ η + Cδm. (37)

If we choose C large enough, the right-hand side of (37) is
positive, and FC is strictly positive on the set where both
| ||z ||2 − |t|2 | ≥ δ and ||z ||2 + |t|2 = 2. Hence FC is strictly
positive on all of S ′, and by homogeneity also on the unit sphere.
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Squared norms and proper mappings between balls

Theorem 6.2 has a nice application to proper holomorphic
mappings between balls. We show the following in Theorem 6.4.
Let q : Cn → C be a holomorphic polynomial that does not vanish
on the closed unit ball. Then there is an integer N and a
holomorphic polynomial mapping p : Cn → CN such that p

q is a

rational proper mapping between Bn and BN , and p
q is reduced to

lowest terms. The reader should observe that this conclusion is
easy when n = 1, where one can take N = 1 also. Even for n = 2
and q of degree two, however, the minimum target dimension N
can be arbitrarily large.
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We want p
q to be in lowest terms, or else we have the trivial

example where p(z) = q(z)(z1, ..., zn).
We recall a few facts about proper mappings between domains in
(perhaps different dimensional) complex Euclidean spaces. Let Ω
and Ω′ be bounded domains in Cn and CN. A holomorphic
mapping f : Ω → Ω′ is proper if f −1(K ) is compact in Ω whenever
K is compact in Ω′. In case such a mapping extends to be
continuous on bΩ, it will map bΩ to bΩ′. Let f : Bn → BN be a
holomorphic mapping between balls. Then f is proper if and only if

lim||z||2→1||f (z)||2 = 1.
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A proper map f : B1 → B1 is necessarily a finite Blaschke product.
Thus there are finitely many points aj in B1 and positive integer
multiplicities mj such that

f (z) = e iθ
K∏

j=1

(
z − aj

1− ajz
)mj . (38)

Note that (38) and the fundamental theorem of algebra show that
there is no restriction on the denominator. Every polynomial q
that is not zero on the closed ball is a constant times a
denominator of the form in (38), and hence q arises as the
denominator of a rational function reduced to lowest terms.
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When n = N > 1, a well-known result of Alexander [A] and
Pinchuk [P] states that a proper holomorphic self map of a ball is
necessarily an automorphism. In particular the map is a linear
fractional transformation and the denominator is 1− 〈z , a〉. To
obtain analogues of finite Blaschke products, one must replace
multiplication by the tensor product. Since the tensor product of
complex vector spaces of dimensions n and k is of dimension nk,
the target dimension increases. It is thus natural to consider proper
maps from a given Bn to BN for all N when asking what
denominators are possible. The answer is provided by the following
result.
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Theorem
Let q : Cn → C be a holomorphic polynomial, and suppose that q
does not vanish on the closed unit ball. Then there is an integer N
and a holomorphic polynomial mapping p : Cn → CN such that p

q

is a rational proper mapping between Bn and BN and p
q is reduced

to lowest terms.
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Proof. The result is trivial when q is a constant.

It is easy when n = 1. When the degree d of q is positive, we
define p by p(z) = zdq(1

z ) and this p works. Such a proof cannot
work in higher dimensions! The minimum integer N can be

arbitrarily large even when n = 2 and the degree of q is also two.
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Assume n ≥ 2. Suppose that q(z) 6= 0 on the closed ball. Let g be
an arbitrary polynomial such that q and g have no common factor.
Then there is a constant c for which

|q(z)|2 − |cg(z)|2 > 0 (39)

for ||z ||2 = 1. We set p1 = cg .
By Theorem 6.3 a polynomial R(z , z) that is positive on the unit
sphere agrees with a squared norm of a holomorphic polynomial
mapping on the sphere. Therefore there is an integer N and
polynomials p2, ..., pN such that

|q(z)|2 − |p1(z)|2 =
N∑

j=2

|pj(z)|2 (40)

on the sphere. It then follows that p
q does the job.
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Related theorems are due to Lempert and to Løw.

In Lempert’s work, the boundary is real-analytic, the given positive
function is real-analytic, and the holomorphic mapping takes values
in an infinite-dimensional space.

In Løw’s work, the domain has C 2 boundary, the given positive
function is continuous, the mapping takes values in a
finite-dimensional space, but it is holomorphic on only the interior
of the domain.

Work here applies only for the sphere, but it draws the stronger
conclusion that the holomorphic mapping is a polynomial.
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We can choose various components p of a proper holomorphic
polynomial mapping arbitrarily, assuming only that they satisfy the
necessary condition ||p(z)||2 < 1 on the sphere.

Theorem
Let p be a vector-valued polynomial on Cn with ||p(z)||2 < 1 on
the unit sphere. Then there is a positive integer N − k and a
polynomial mapping g : Cn → CN−k such that p ⊕ g : Cn → CN

defines a proper holomorphic mapping between balls.

Proof.
Note that 1− ||p(z)||2 is a polynomial that is positive on the
sphere. Hence we can find a holomorphic polynomial mapping g
such that

1− ||p(z)||2 = ||g(z)||2

on the sphere. We may assume that not both p and g are
constant. Then p ⊕ g is a non-constant holomorphic polynomial
mapping with ||p||2 + ||g ||2 = 1 on the sphere. By the maximum
principle, p ⊕ g works.
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Holomorphic line bundles

We can reinterpret Theorem 6.2 in terms of line bundles over
complex projective space and generalize it to vector bundles over
compact complex manifolds. Also Varolin’s work for singular
metrics.
We first consider complex projective space PN, the complex
manifold of lines through the origin in CN+1. Let (z0, ..., zN) be a
point in CN+1. If z 6= 0, then we identify it as usual with the line
t → tz . The standard open covering U of PN is given for
0 ≤ j ≤ N by the open sets Uj , where Uj is the set of lines tz for
which zj 6= 0. Let O(−m) denote the m-th power of the universal
line bundle over PN. This bundle is defined by the transition
functions (

zj

zk
)m. A metric on a line bundle with transition

functions gjk consists of a family of positive function fk defined on
Uk such that fk = gkj fj on Uj ∩ Uk . We can obtain such metrics
from positive bihomogeneous polynomials.
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Let R be a bihomogeneous polynomial that is positive away from
the origin in CN+1. We can construct a metric from R as follows:
In Uj we define fj by

fj(z , z) =
R(z , z)

|zj |2m
. (41)

On the overlap Uj ∩ Uk these functions transform via the rule

fk = |(
zj

zk
)m|2fj . (42)

Since (
zj

zk
)m are the transition functions for O(−m), the functions

fj determine an Hermitian metric on O(−m). We call a metric
obtained from a bihomogeneous polynomial in this fashion a
special metric. We write (L, g) when L is a line bundle over PN

and g is a special metric on L. In case R is only nonnegative we
obtain a degenerate metric on O(−m).
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We can express the ideas of this Lecture in the language of these
special metrics. First we note that the standard Euclidean metric
on O(−1) is the same as the special metric defined by the
bihomogeneous polynomial ||ζ||2 =

∑N
j=0 |ζj |2.

Let R be a bihomogeneous polynomial of degree 2m on Cn. It
defines via (41) a metric on O(−m) over Pn+1 if and only if it is
positive as a function away from the origin, that is, if and only if
the origin is a strict minimum for R. This metric (O(−m),R) is
the holomorphic pullback of (O(−1), ||ζ||2) over some PN if and
only if R is a squared norm. Thus R = ||g ||2 if and only if

(O(−m),R) = g∗(O(−1), ||ζ||2).

Similarly, the d-th tensor power of O(−m) is a pullback of the
universal bundle if and only if Rd = ||g ||2 for some d :

(O(−m),R)⊗d = g∗(O(−1), ||ζ||2).
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The other positivity conditions have interpretations as well. The
Cauchy-Schwarz inequality implies plurisubharmonicity. Since R is
bihomogeneous, R is plurisubharmonic if and only log(R) also is.
Logarithmic plurisubharmonicity is equivalent to negativity of the
curvature of the bundle, or to pseudoconvexity of the unit disk
bundle.
Consider the function ra from Proposition 6.3. When a < 16, this
bihomogeneous polynomial is strictly positive away from the origin,
and hence defines a metric on O(−4) over P1. By varying the
parameter a we see that the various positivity properties of bundle
metrics are also distinct. Note that the Cauchy-Schwarz inequality
gives an intermediate condition between being a squared norm and
having negative curvature.
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We next restate Theorem 6.2 in this language.

Theorem
Let (O(−m),R) denote the m-th power of the universal line
bundle over Pn with special metric defined by R. Then there is an
integer d such that (O(−m− d), ||z ||2dR(z , z)) is a (holomorphic)
pullback g∗(O(−1), ||L(ζ)||2) of the standard metric on the
universal bundle over PN. The mapping g : Pn → PN is a
holomorphic (polynomial) embedding and L is an invertible linear
mapping.
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(O(−m),R)⊗ (O(−d), ||z ||2d) =

(O(−m − d), ||z ||2dR(z , z)) = (O(−m − d), ||g(z)||2)

We have the bundles and metrics

π1 : (O(−m),R) → Pn

π2 : (O(−m − d), ||z ||2dR) → Pn

π3 : (O(−1), ||L(ζ)||2) → PN

Thus π1 is not an isometric pullback of π3, but, for sufficiently
large d , π2 is.
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finite unitary groups

Consider the following natural problem in CR Geometry. Let Γ be a
finite subgroup of the unitary group U(n). Find an integer N and a
nonconstant Γ-invariant holomorphic mapping f : Cn → CN such
that the image of the unit sphere under f lies in a hyperquadric.
Such an f always exists if N is chosen large enough, and if the
defining form of the hyperquadric is allowed to have enough
eigenvalues of both signs. The mapping f can be chosen to be a
polynomial arising from the following construction. First define ΦΓ

by

ΦΓ(z , z) = 1−
∏
γ∈Γ

(1− 〈γz , z〉).

Then diagonalize the Hermitian form. Let’s carry it out!
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We discuss interactions with number theory and combinatorics
that arise from the seemingly simple setting of group-invariant CR
mappings from the unit sphere to a hyperquadric. Some
elementary representation theory also arises.

176 / 328



Consider the hyperquadric Q(a, b) defined to be the subset of
Ca+b defined by

a∑
j=1

|zj |2 −
a+b∑

j=a+1

|zj |2 = 1. (1)

The special case when b = 0 corresponds to the unit sphere S2a−1.
Of course S2n−1 is invariant under the unitary group U(n). Let Γ
be a finite subgroup of U(n). Assume that f : Cn → CN is a
rational mapping invariant under Γ and that f (S2n−1) ⊂ S2N−1.
For most Γ such an f must be a constant. In other words, for most
Γ, there is no non-constant Γ-invariant rational mapping from
sphere to sphere for any target dimension.
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CR Spherical Space Forms

Theorem
Let Γ ⊂ U(n) be a finite unitary group. Assume that there is an N
and a non-constant Γ-invariant smooth CR mapping
f : S2n−1 → S2N−1. Then Γ is cyclic [Lichtblau] and represented in
a rather restricted fashion [D’Angelo, Lichtblau].

In the next slide we list all the possibilities.
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Cyclic groups and CR space forms

I For m an arbitrary positive integer and ωm = 1, the map
z → z⊗m is invariant under a cyclic group of order m. Note
that

||z⊗m||2 = ||z ||2m

Hence it maps the sphere to a sphere.

I For ω2r+1 = 1, there is a map invariant under
(z1, z2) → (ωz1, ω

2z2). (Cyclic of order 2r + 1) The map
takes C2 → Cr+2 and takes S3 to S2(r+2)−1.

I For ω7 = 1, there is a map invariant
(z1, z2, z3) → (ωz1, ω

2z2.ω
4z3). The map takes C3 → C17 and

S5 to S33.
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We further develop these ideas by allowing the target of a
Γ-invariant map to be a hyperquadric. In this case, non-constant
polynomial Γ-invariant maps exist as long as the hyperquadric has
enough eigenvalues of both signs. We focus on how Γ impacts the
possible target hyperquadrics.
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We show, for each finite subgroup Γ ⊂ U(n), that there is a
canonical non-constant Γ-invariant polynomial example to some
hyperquadric. Our techniques lead to many explicit surprising
examples. In Theorem 6.1 for example, we show that rigidity fails
for mappings between hyperquadrics; we find non-linear polynomial
mappings between hyperquadrics with the same number of
negative eigenvalues in the defining equations of the domain and
target hyperquadrics. As in the well-known case of maps between
spheres, we must allow sufficiently many positive eigenvalues in the
target for such maps to exist.
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The restriction to rational mappings is natural; for n ≥ 2 Forstneric
proved that a proper mapping between balls, with sufficiently many
continuous derivatives at the boundary, must be a rational
mapping. On the other hand, if one makes no regularity
assumption at all on the map, then one can create group-invariant
proper mappings between balls for any fixed-point free finite
unitary group. The restrictions on the group arise from CR
Geometry and the smoothness of the CR mappings considered. In
this paper we naturally restrict our considerations to the class of
rational mappings. See [Forstneric-survey] for considerable
discussion about proper holomorphic mappings and CR Geometry.
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I want to pause and mention a high school type Lemma which has
relevance to this subject.

Theorem
Put p(x) = 1 + x2N

for N ≥ 2. Then there is a polynomial f (x) of
degree 2N−1 such that p(x) = f (x)f (−x) and all coefficients of f
are positive.

For example, here is a special case. I can multiply a homogeneous
polynomial in two variables with 33 positive coefficients and 0
negative coefficients by a polynomial with 17 positive and 16
negative coefficients and obtain a polynomial with 2 positive and 0
negative.
The proof is an easy exercise in the geometry of the solutions to
z2N

+ 1 = 0.
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Recall from earlier lectures that a polynomial R : Cn × Cn → C is
called Hermitian symmetric if R(z ,w) = R(w , z) for all z and w .
If R is Hermitian symmetric, then R(z , z) is evidently real-valued.
By polarization, the converse also holds. We note also that a
polynomial in z = (z1, ..., zn) and z is Hermitian symmetric if and
only if its matrix of coefficients is Hermitian symmetric in the
sense of linear algebra.
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The following result shows how to construct group-invariant
mappings from spheres to hyperquadrics. We will give explicit
formulas in many cases, but in general the computation of Φ is not
easy.

Theorem
Let Γ be a finite subgroup of U(n) of order p. Then there is a
unique Hermitian symmetric Γ-invariant polynomial ΦΓ(z ,w) such
that the following hold:
1) ΦΓ(0, 0) = 0.
2) The degree of ΦΓ in z is p.
3) ΦΓ(z , z) = 1 when z is on the unit sphere.
4) ΦΓ(γz ,w) = ΦΓ(z ,w) for all γ ∈ Γ.
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Corollary. There are holomorphic vector-valued Γ-invariant
polynomial mappings F and G such that we can write

ΦΓ(z , z) = ||F (z)||2 − ||G (z)||2. (2)

The polynomial mapping z → (F (z),G (z)) restricts to a
Γ-invariant mapping from S2n−1 to the hyperquadric Q(N+,N−),
where these integers are the numbers of positive and negative
eigenvalues of the matrix of coefficients of ΦΓ.
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The polynomial ΦΓ plays a special role, as indicated by the
following result.
Proposition. Let Γ be a finite subgroup of U(n) and assume that
F ,G are Γ-invariant holomorphic mappings. Suppose that

||F (z)||2 − ||G (z)||2 = 1 (3)

on the unit sphere S2n−1. Then, for each γ ∈ Γ, (3) holds on the
set defined by 〈γz , z〉 = 1. In particular, the function
||F (z)||2 − ||G (z)||2 − 1 is divisible by the product∏

γ∈Γ

(1− 〈γz , z〉).
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Proof. We work locally near an arbitrary point on the sphere. We
may assume that there is a Hermitian symmetric real-analytic
function T such that

||F (z)||2 − ||G (z)||2 − 1 = T (z , z)
(
||z ||2 − 1

)
. (4)

Now polarize (4), obtaining

〈F (w),F (z)〉 − 〈G (w),G (z)〉 − 1 = T (w , z) (〈w , z〉 − 1) . (5)

Set w = γz in (5), and use the invariance of F and G to get

||F (z)||2 − ||G (z)||2 − 1 = T (z , z) (〈γz , z〉 − 1) . (6)

Both conclusions follow.
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These results suggest that we compute ΦΓ in as much generality as
possible, and determine how the mapping (F ,G ) from Corollary
1.1 depends on Γ.
Even if we restrict our considerations to cyclic groups, then this
mapping changes (surprisingly much) as the representation of the
group changes. The interesting things from the points of view of
CR Geometry, Number Theory, and Combinatorics all depend in
non-trivial ways on the particular representation.
Therefore the results should be considered as statements about the
particular subgroup Γ ⊂ U(n), rather than as statements about the
abstract group G for which π(G ) = Γ.
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The proof of Theorem 1 leads to the following formula for ΦΓ.

ΦΓ(z ,w) = 1−
∏
γ∈Γ

(1− 〈γz ,w〉). (7)

The first three properties from Theorem 1 are evident from (7),
and the fourth property is not hard to check. One also needs to
verify uniqueness.
The starting point for this lecture will therefore be formula (7).
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We will first consider three different representations of cyclic groups
and we note the considerable differences in the corresponding
invariant polynomials. We also consider metacyclic groups. We
also discuss some interesting asymptotic considerations, as the
order of the group tends to infinity. Additional asymptotic results
are expected in appear in the doctoral thesis [G] of D. Grundmeier.
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In Theorem 6.1 we construct, for each odd 2p + 1 with p ≥ 1, a
polynomial mapping gp of degree 2p such that

gp : Q(2, 2p + 1) → Q(N(p), 2p + 1). (4)

These mappings illustrate a failure of rigidity; in many contexts
restrictions on the eigenvalues of the domain and defining
hyperquadrics force maps to be linear. See [Baouendi-Huang]. Our
new examples show that rigidity does not hold when we keep the
number of negative eigenvalues the same, as long as we allow a
sufficient increase in the number of positive eigenvalues. On the
other hand, by [BH], the additional restriction that the mapping
preserves sides of the hyperquadric does then guarantee rigidity.
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Two points to mention:

I The construction of the polynomials in Theorem 6.1 relies on
the group-theoretic methods in the rest of the paper.

I The maximum principle is used to eliminate target spheres but
not target hyperquadrics!
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Why are certain groups eliminated? See my book for details. Here
is the idea:

I If the map goes from sphere to sphere, and domain dimension
is at least two, a nonconstant map must be proper from ball
to ball, and it follows that the inverse image of a point is a
finite set. From that info one sees that the group cannot have
fixed points. In other words, 1 cannot be an eigenvalue of a γ
unless γ = I .

I Fixed point free subgroups of U(n) have been classified. See
Spaces of Constant Curvature by Joe Wolf.

I Even though there are many cool non-Abelian examples, each
such group is either cyclic or contains certain types of cyclic
subgroups.
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I By an early lemma, we have ||f (z)|| = 1 on 〈γz , z〉 = 1. But
||f (z)||2 is plurisubharmonic and thus satisfies the maximum
principle. Then f must be a constant if we can find z outside
the ball with 〈γz , z〉 = 1. The reflected point z

||z||2 contradicts

the maximum principle unless f is constant.

I Analyze that equation! Combine with classification. Lots to
check, but only the three specific representations of cyclic
groups mentioned earlier remain.
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Let Γ be a finite subgroup of the circle U(1). Then Γ is cyclic of
order p and generated by a primitive p-th root of unity. Write Γ(p)
for this group and ΦΓ(p) for the invariant polynomial. We have the
following simple but crucial result:

Lemma
ΦΓ(p) = |z |2p.

Proof. By the properties in Theorem 1 and (7),

ΦΓ(z , z) = 1−
p−1∏
j=0

(1− 〈ωjz , z〉) = a + b|z |2p.

Using the information that ΦΓ(p)(0) = 0 and ΦΓ(p)(z , z) = 1 on
the unit circle, we obtain the desired conclusion.
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Let Γ be a finite subgroup of the unitary group U(n), and let ΦΓ

be the unique invariant polynomial. How does it on the particular
representation of the group.
We will be considering reducible representations. Why? If G is
cyclic of order p, then G has the irreducible unitary
(one-dimensional) representation Γ as the group of p-th roots of
unity. We showed above that

ΦΓ(z ,w) = (zw)p. (5)

On the other hand, there are many ways to represent G as a
subgroup of U(n) for n ≥ 2. We will consider these below; for now
we mention one beautiful special case.
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Let p and q be positive integers with 1 ≤ q ≤ p − 1 and let ω be a
primitive p-th root of unity. Let Γ(p, q) be the cyclic group
generated by the diagonal 2-by-2 matrix A with eigenvalues ω and
ωq:

A =

(
ω 0
0 ωq

)
.
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Because A is diagonal, the invariant polynomial ΦΓ(p,q)(z , z)
depends on only |z1|2 and |z2|2. If we write x = |z1|2 and
y = |z2|2, then we obtain a corresponding polynomial fp,q in x and
y . This polynomial has integer coefficients; a combinatorial
interpretation of these coefficients appears in [LWW]. The crucial
idea in [LWW] is the interpretation of ΦΓ as a circulant
determinant; hence permutations arise and careful study of their
cycle structure leads to the combinatorial result. They also arise in
Musiker’s work on counting points on elliptic curves.
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Asymptotic information about these integers as p tends to infinity
appears in both [LWW] and [D4]; the technique in [D4] gives an
analogue of the Szegö limit theorem, which we might get to. In
the special case where q = 2, these polynomials provide examples
of sharp degree estimates for proper monomial mappings between
balls. The polynomials fp,2 have many additional beautiful
properties. These polynomials will arise in the proof of Theorem
6.1.

fp,2(x , y) = (−1)p+1yp+

(
x +

√
x2 + 4y

2

)p

+

(
x −

√
x2 + 4y

2

)p

.

(7)
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Corollary. [D4] Let Sp be the sum of the coefficients of fp,2. Then

the limit as p tends to infinity of S
1
p
p equals the golden ratio 1+

√
5

2 .
Proof. The sum of the coefficients is fp,2(1, 1), so put x = y = 1
in (7). The largest (in absolute value) of the three terms is the
middle term. Taking p-th roots and letting p tend to infinity gives
the result.
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Degree estimates: [DKR] Suppose f : B2 → BN is a monomial
proper mapping. Then deg(f ) ≤ 2N − 3 and this value is sharp.
The fp,2 give the sharp value. The proof uses a complicated
graph-theoretic argument. See [DLP] for higher dimensional
results.
Number-theoretic information: [DLe] considers uniqueness results
for degree estimates. We might get to it!
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The following elegant primality test was proved in [D2]. Everyone
knows this result for fp,1, because fp,1 = (x + y)p. A freshman’s
dream.

Theorem
For each q, the congruence fp,q(x , y) ∼= xp + yp mod (p) holds if
and only if p is prime.

When q = 1, the polynomial fp,1 is simply (x + y)p and the result
is well-known. For other values of q the polynomials are more
complicated. There is no known general formula for the integer
coefficients. Nonetheless the basic theory enables us to reduce the
congruence question to the special case.
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When q = 2 or when q = p − 1 there are explicit formulas for the
integer coefficients. For small q recurrences exist but the order of
the recurrences grows exponentially with q. We will show in fact
that fp,q satisfies a recurrence of order 2q − 1 and that fp,p+1−q

can be obtained explicitly from fp,q. This duality result is especially
important for the following reason. The special case ΦΓ(p,p−1) is
the only case where Γ is a cyclic subgroup of SU(2), and hence
especially useful in representation theory. On the other hand this
special case can be obtained from ΦΓ(p,2), where the formula is
non-trivial, but completely explicit, and connected with other
classical areas in mathematics. Grundmeier has made important
progress in analyzing maps invariant under subgroups of SU(2).
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The quotient space L(p, q) = S3/Γ is a Lens space. It might be
interesting to relate the polynomials fp,q to the differential
topology of these spaces. I will skip this point in the lectures.
We return to the general situation and repeat the crucial point; the
invariant polynomials depend on the representation in non-trivial
and interesting ways, even in the cyclic case. In order to express
them we recall ideas that go back to E. Noether. See [S] for
considerable discussion. Given a subgroup Γ of the general linear
group, Noether proved that the algebra of polynomials invariant
under Γ is generated by polynomials of degree at most the order
|Γ| of Γ. Given a polynomial p we can create an invariant
polynomial by averaging p over the group:

1

|Γ|
∑
γ∈Γ

p ◦ γ. (8)

205 / 328



We find a basis for the algebra of invariant polynomials as follows.
We average each monomial zα of total degree at most |Γ| as in (8)
to obtain an invariant polynomial; often the result will be the zero
polynomial. The nonzero polynomials that result generate the
algebra of polynomials invariant under Γ. In particular, the number
of polynomials required is bounded above by the dimension of the
space of homogeneous polynomials of degree |Γ| in n variables.
Finally we can express the F and G from (2) in terms of sums and
products of these basis elements. The invariant polynomials here
are closely related to the Chern orbit polynomials from [S]. The
possibility of polarization makes our approach a bit different. It
seems a worthwhile project to deepen this connection, noted by
Grundmeier.
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duality

We next derive an interesting duality between the invariant
polynomials for the groups Γ(p, q) and Γ(p, p + 1− q).

p−1∏
j=0

(1− ωj |z1|2 − ωqj |z2|2)

= |z1|2p
p−1∏
j=0

(−ωj)p
p−1∏
j=0

(−ω−j |z1|−2 + 1 + ω(q−1)j |z2

z1
|2)

= (−1)p+1|z1|2pΦΓ(p,p+1−q)(w ,w)

where

w = (
1

z1
,
z2

z1
)

and we substitute −w2 for w2. POLARIZATION!
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Cyclic groups

Let Γ be cyclic of order p. Then the elements of Γ are
I ,A,A2, ...,Ap−1 for some unitary matrix A. Formula (3) becomes

ΦΓ(z ,w) = 1−
p−1∏
j=0

(1− 〈Ajz ,w〉). (9)

We begin by considering three different representations of a cyclic
group of order six; we give precise formulas for the corresponding
invariant polynomials.
Let ω be a primitive sixth-root of unity, and let η be a primitive
third-root of unity. We consider three different unitary matrices;
each generates a cyclic group of order six.
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Example 1. Let Γ be the cyclic group of order 6 generated by A,
where

A =

(
ω 0
0 ω

)
. (10.1)

The invariant polynomial satisfies the following formula:

ΦΓ(z , z) = (|z1|2 + |z2|2)6. (10.2)

It follows that Φ is the squared norm of the following holomorphic
polynomial:

f (z) = (z6
1 ,
√

6z5
1 z2,

√
15z4

1 z2
2 ,
√

20z3
1 z3

2 ,
√

15z2
1 z4

2 ,
√

6z1z
5
2 , z6

2 ).
(10.3)

The polynomial f restricts to the sphere to define an invariant CR
mapping from S3 to S13 ⊂ C7.
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Example 2. Let Γ be the cyclic group of order 6 generated by A,
where

A =

(
ω 0
0 ω

)
. (11.1)

The invariant polynomial satisfies the following formula:

ΦΓ(z , z) = |z1|12 + |z2|12 + 6|z1|2|z2|2 + 2|z1|6|z2|6 − 9|z1|4|z2|4.
(11.2)

Note that Φ is not a squared norm. Nonetheless we define f as
follows:

f (z) = (z6
1 , z6

2 ,
√

6z1z2,
√

2z3
1 z3

2 , 3z2
1 z2

2 ). (11.3)

Then
Φ = |f1|2 + |f2|2 + |f3|2 + |f4|2 − |f5|2,

and the polynomial f restricts to the sphere to define an invariant
CR mapping from S3 to Q(4, 1) ⊂ C5.
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Example. Let Γ be the cyclic group of order 6 generated by A,
where

A =

(
0 1
η 0

)
. (12.1)

The polynomial Φ can be expressed as follows:

Φ(z , z) = (x + y)3 + (ηs + ηt)3 − (x + y)3(ηs + ηt)3 (12.2)

where

x = |z1|2

y = |z2|2

s = z2z1

t = z1z2.

After diagonalization this information determines a (holomorphic)
polynomial mapping (F ,G ) such that

ΦΓ = ||F ||2 − ||G ||2.
It is complicated to find the components of F and G .
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It is natural to use Noether’s approach. For this particular
representation, considerable computation then yields the following
invariant polynomials:

z3
1 + z3

2 = p

z2
1 z2 + ηz1z

2
2 = q

z6
1 + z6

2 = f

z3
1 z3

2 =
1

2
(p2 − f )

z1z
5
2 + η2z5

1 z2

1

2
(z4

1 z2
2 + η2z2

1 z4
2 ) = h
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In order to write ΦΓ nicely, we let

g = c(z1z
5
2 + 3ηz3

1 z3
2 + η2z5

1 z2).

Then one can write ΦΓ, for some C > 0 as follows:

φΓ = |p|2+|q|2+
1

2
(|f −z3

1 z3
2 |2−|f +z3

1 z3
2 |2)+C (|g−h|2−|g +h|2).

(12.3)
We conclude that the invariant polynomial determines an invariant
CR mapping (F ,G ) from the unit sphere S3 to the hyperquadric
Q(4, 2) ⊂ C6. We have

F =

(
p, q,

1√
2
(f − z3

1 z3
2 ),
√

C (g − h)

)
(12.4)

G =

(
1√
2
(f + z3

1 z3
2 ),
√

C (g + h)

)
. (12.5)
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In each of these examples we have a cyclic group of order six,
represented as a subgroup of U(2). In each case we found an
invariant CR mapping. The image hyperquadrics were Q(7, 0),
Q(4, 1), and Q(4, 2). The corresponding invariant mappings had
little in common. In the first case, the map was homogeneous; in
the second case the map was not homogeneous, although it was a
monomial mapping. In the third case we obtained a rather
complicated non-monomial map. It should be evident from these
examples that the mappings depend in non-trivial ways on the
representation.
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In this section we consider three families of cyclic groups, Γ(p, 1),
Γ(p, 2), and Γ(p, p − 1). For these groups it is possible to compute
the invariant polynomials ΦΓ exactly. In each case, because the
group is generated by a diagonal matrix, the invariant polynomial
depends on only x = |z1|2 and y = |z2|2. We will therefore often
write the polynomials as functions of x and y .
For p = 1 we have

ΦΓ(z , z) = (|z1|2 + |z2|2)p = (x + y)p. (13)

It follows that there is an invariant CR mapping to a sphere,
namely the hyperquadric Q(p + 1, 0). We pause to prove (13) by
establishing the corresponding general result in any domain
dimension.
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Theorem
Let Γ be the cyclic group generated by ωI , where I is the identity
operator on Cn and ω is a primitive p-th root of unity. Then

ΦΓ(z , z) = ||z ||2p = ||z⊗p||2. Thus Φ
1
p

Γ(p,1) = ||z ||2 and hence it is
independent of p.

Proof. A basis for the invariant polynomials is given by the
homogeneous monomials of degree p. By Theorem 1.1 ΦΓ is of
degree p in z and hence of degree 2p overall. It must then be
homogeneous of total degree 2p and it must take the value 1 on
the unit sphere; it therefore equals ||z ||2p.
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We return to the case where n = 2 where
||z ||2 = |z1|2 + |z2|2 = x + y . In the more complicated situation

arising from Γ(p, q), the expression Φ
1
p

Γ(p,q) is not constant, but its

behavior as p tends to infinity is completely analyzed in [D4].
As an illustration we perform this calculation when q = 2. By
expanding (3) the following formula holds (precise formulas for the
nj are known):

fp,2(x , y) = ΦΓ(p,2)(z , z) = xp + (−1)p+1yp +
∑

j

njx
p−2jy j .

(14.1)
Here the nj are positive integers and the summation index j
satisfies 2j ≤ p. The target hyperquadric now depends on whether
p is even or odd. When p = 2r − 1 is odd, the target hyperquadric
is the sphere, namely the hyperquadric Q(r + 1, 0). When p = 2r
is even, the target hyperquadric is Q(r + 1, 1).
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In any case, using (7) under the condition x +
√

x2 + 4y > 2y , we
obtain

(fp,2(x , y))
1
p =

x +
√

x2 + 4y

2
(1 + hp(x , y))

1
p , (14.2)

where hp(x , y) tends to zero as p tends to infinity. Note that we
recover Corollary 2.1 by setting x = y = 1. We summarize this
example in the following result. Similar results hold for the fp,q for
q ≥ 3. See [D4].
Proposition. For x +

√
x2 + 4y > 2y , the limit, as p tends to

infinity, of the left-hand side of (14.2) exists and equals
x+
√

x2+4y
2 .
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It is also possible to compute ΦΓ(p,p−1)
exactly. The duality

principle! After some computation we obtain:

ΦΓ(z , z) = |z1|2p+|z2|2p+
∑

j

nj(|z1|2|z2|2)j = xp+yp+
∑

nj(xy)j ,

(15)
where the nj are integers. They are 0 when 2j > p, and otherwise
non-zero. In this range nj > 0 when j is odd, and nj < 0 when j is
even. Explicit formulas for the nj exist; in fact they are the same
(except for signs) as the coefficients for fp,2 To see what is going
on, we must consider the four possibilities for p modulo (4).
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We illustrate by listing the polynomials of degrees 4, 5, 6, 7. As
above we put |z1|2 = x and |z2|2 = y . We obtain:

f4,3(x , y) = x4 + y4 + 4xy − 2x2y2 (16.4)

f5,4(x , y) = x5 + y5 + 5xy − 5x2y2 (16.5)

f6,5(x , y) = x6 + y6 + 6xy − 9x2y2 + 2x3y3 (16.6)

f7,6(x , y) = x7 + y7 + 7xy − 14x2y2 + 7x3y3. (16.7)
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For Γ(p, p − 1) one can show the following. When p = 4k or
p = 4k + 1, we have k + 2 positive coefficients and k negative
coefficients. When p = 4k + 2 or p = 4k + 3, we have k + 3
positive coefficients and k negative coefficients. For q > 2 in
general one obtains some negative coefficients when expanding
fp,q, and hence the target must be a (non-spherical) hyperquadric.
The paper [LWW] provides a method for determining the sign of
the coefficients.
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Let Gp be a cyclic group of order p. We will later consider
representations of Gp depending upon an n-tuple q of positive
integer exponents. One expects the invariant polynomials for these
representations of Gp to be related to each other. It seems
surprising that the invariant polynomials for cyclic groups of
different orders are related to each other. We figure it out!
Recurrences!
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Given a finite subgroup Γ of U(n), the invariant polynomial ΦΓ is
Hermitian symmetric, and hence its underlying matrix of
coefficients is Hermitian. We let N+(Γ) denote the number of
positive eigenvalues of this matrix, and we let N−(Γ) denote the
number of negative eigenvalues. When Γ is cyclic of order p we
sometimes write N+(p) instead of N+(Γ), but the reader should be
warned that the numbers N+ and N− depend upon Γ and not just

p. The ratio Rp = N+(p)
N+(p)+N−(p) is of some interest, but it can be

hard to compute. We therefore consider its asymptotic behavior.
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Grundmeier has found the limit of Rp for many classes of groups
(not necessarily cyclic) whose order depends on p. Many different
limiting values can occur. Here we state only the following simple
special cases.
Proposition. For the three classes of cyclic groups whose invariant
polynomials are given by (13), (14), and (15), the limit of Rp as p
tends to infinity exists. In the first two cases the limit is 1. When
ΦΓ satisfies (15), the limit is 1

2 .
Proposition. For the class of groups Γ(p, q) the limit Lq of Rp

exists and depends on q. If one then lets q tend to infinity, the
resulting limit equals 3

4 . Thus the asymptotic result differs from
the limit obtained by setting q = p − 1 at the start. The subtlety
of the situation is evident.
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Metacyclic groups

Let Cp denote a cyclic group of order p. A group G is called
metacyclic if there is an exact sequence of the form

1 → Cp → G → Cq → 1.

Such groups are also described in terms of two generators A and B
such that Ap = I , Bq = I , and AB = BmA for some m. In this
section we will consider metacyclic subgroups of U(2) defined as
follows. Let ω be a primitive p-th root of unity, and let A be the
following element of U(2): (

ω 0
0 ω

)
. (17)
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For these metacyclic groups we obtain in (23) a formula for the
invariant polynomials in terms of known invariant polynomials for
cyclic groups. We write C (p, p − 1) for the cyclic subgroup of
U(2) generated by A. Its invariant polynomial is

ΦC(p,p−1) = 1−
p∏

k=0

(1− 〈Akz , z〉). (18)
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Now return to the metacyclic group Γ. Each group element of Γ
will be of the form B jAk for appropriate exponents j , k. Since B is
unitary, B∗ = B−1. We may therefore write

〈B jAkz ,w〉 = 〈Akz ,B−jw〉. (19)

We use (19) in the product defining ΦΓ to obtain the following
formula:

ΦΓ(z , z) = 1−
p−1∏
k=0

q−1∏
j=0

(1−〈B jAkz , z〉) = 1−
p−1∏
k=0

q−1∏
j=0

(1−〈Akz ,B−jz〉).

(20)
Notice that the term

p−1∏
k=0

(1− 〈Akz ,B−jz〉) (21)

can be expressed in terms of the invariant polynomial for the cyclic
group C (p, p − 1).
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We have

p−1∏
k=0

(1− 〈Akz ,B−jz〉) = 1− ΦC(p,p−1)(z ,B−jz), (22)

and hence we obtain

ΦΓ(z , z) = 1−
q−1∏
j=0

(
1− ΦC(p,p−1)(z ,B−jz)

)
. (23)

The invariance of ΦΓ follows from the definition, but this property
is not immediately evident from this polarized formula. The other
properties from Theorem 1.1 are evident in this version of the
formula. We have ΦΓ(0, 0) = 0. Also, ΦΓ(z , z) = 1 on the unit
sphere, because of the term when j = 0. The degree in z is pq
because we have a product of q terms each of degree p.
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The simplest examples of metacyclic groups are the dihedral
groups. The dihedral group Dp is the group of symmetries of a
regular polygon of p sides. The group Dp has order 2p; it is
generated by two elements A and B, which satisfy the relations
Ap = I , B2 = I , and AB = BAp−1. Thus A corresponds to a
rotation and B corresponds to a reflection.

229 / 328



We may represent Dp as a subgroup of U(2) by putting

A =

(
ω 0
0 ω−1

)
(24.1)

B =

(
0 1
1 0

)
. (24.2)

Formula (23) for the invariant polynomial simplifies because the
product in (23) has only two terms. We obtain the following result,
proved earlier in [D2].
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Theorem
The invariant polynomial for the above representation of Dp

satisfies the following formula:

Φ(z , z) =

fp,p−1(|z1|2, |z2|2) + fp,p−1(z2z1, z1z2)

−fp,p−1(|z1|2, |z2|2)fp,p−1(z2z1, z1z2).

As in an earlier computation we get a + b − ab.
In more complicated cases we get∑

aj −
∑

ajak +
∑

ajakal − ...±
∏

aj .
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We use the group invariant approach to construct the first
examples of polynomial mappings of degree 2p from Q(2, 2p + 1)
to Q(N(p), 2p + 1). The number of negative eigenvalues is
preserved. The mappings illustrate the failure of rigidity in the case
where we keep the number of negative eigenvalues the same but
we are allowed to increase the number of positive eigenvalues
sufficiently.
As mentioned in the introduction, the additional assumption that
the mapping preserves sides of the hyperquadric does force linearity
in this context. [BH]
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Irrigidity

Theorem
Let 2p + 1 be an odd number with p ≥ 1. There is an integer N(p)
and a holomorphic polynomial mapping gp of degree 2p such that

gp : Q(2, 2p + 1) → Q(N(p), 2p + 1).

and gp maps to no hyperquadric with smaller numbers of positive
or negative eigenvalues.
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Proof. We begin with the group Γ(2p, 2). We expand the formula
given earlier with p replaced by 2p. The result is a polynomial f2p,2

in the two variables x , y with the following properties. First, the
coefficients are positive except for the coefficient of y2p which is
−1. Second, we have f2p,2(x , y) = 1 on x + y = 1. Third, because
of the group invariance, only even powers of x arise. We therefore
can replace x by −x and obtain a polynomial f (x , y) such that
f (x , y) = 1 on −x + y = 1 and again, all coefficients are positive
except for the coefficient of y2p. Next replace y by Y1 + Y2. We
obtain a polynomial in x ,Y1,Y2 which has precisely 2p + 1 terms
with negative coefficients. These terms arise from expanding
−(Y1 + Y2)

2p. All other terms have positive coefficients. This
polynomial takes the value 1 on the set −x + Y1 + Y2 = 1. Now
replace x by X1 + ... + X2p+1.
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We now have a polynomial W (X ,Y ) that is 1 on the set given by

−
2p+1∑

1

Xj +
2∑
1

Yj = 1.

It has precisely 2p + 1 terms with negative coefficients. There are
many terms with positive coefficients; suppose that the number is
N(p). In order to get back to the holomorphic setting, we put
Xj = |zj |2 for 1 ≤ j ≤ 2p + 1 and we put Y1 = |z2p+2|2 and
Y2 = |z2p+3|2. We note that this idea (an example of the moment
map) has been often in these talks.
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Let gp(z) be the mapping, determined up to a diagonal unitary
matrix, with

N(p)∑
j=1

|gj(z)|2 −
2p+1∑
j=1

|gj(z)|2 = W (X ,Y ). (26)

Each component of gp is determined by (26) up to a complex
number of modulus 1. The degree of gp is the same as the degree
of w . We obtain all the claimed properties.
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Example. We write out everything explicitly when p = 1. Let
c =

√
2. The proof of Theorem 6.1 yields the polynomial mapping

g : Q(2, 3) → Q(8, 3) of degree 2 defined by

g(z) = (z2
1 , z2

2 , z2
3 , cz1z2, cz1z3, cz2z3, cz4, cz5; z

2
4 , cz4z5, z

2
5 ). (27)

Notice that we used a semi-colon after the first eight terms to
highlight that g maps to Q(8, 3). Summing the squared moduli of
the first eight terms yields

(|z1|2 + |z2|2 + |z3|2)2 + 2(|z4|2 + |z5|2). (28)

Summing the squared moduli of the last three terms yields

(|z4|2 + |z5|2)2. (29)

The set Q(2, 3) is given by

|z4|2 + |z5|2 − 1 = |z1|2 + |z2|2 + |z3|2.

On this set we obtain 1 when we subtract (29) from (28).
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Remark. There are some fascinating Galois theoretic issues here.
We end with one amazing example. This function arises in
studying the asymptotics of the binary dihedral group.
Consider the function gp defined by

(1 + a + b + ab)2p + (1− a + b − ab)2p

+(1 + a− b − ab)2p + (1− a− b + ab)2p

where a =
√

z and b =
√

z .
Then f is a polynomial in z of degree 2p; all the coefficients of f
are positive integers. The reason is that gp satisfies a linear
recurrence in p with integer polynomial coefficients.
The ideas in this talk have a profound application to computer
science; how to simplify harder versions of these expressions in
symbolic computation?
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Lemma

p−1∏
n=0

(z + tan2(
(2n + 1)π

4p
)) =

p∑
k=0

(
2p

2k

)
zk .
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Critical Polynomial

Definition 1. Let q = (q1, ..., qn) be an n-tuple of positive
integers. The critical polynomial Qq(ζ, z) for Γ(p, q) is defined by

Qq(ζ, z) = 1−
n∑

k=1

|zk |2ζqk . (6)

For each fixed z the function Qq(ζ, z) is a polynomial in the single
complex variable ζ. It does not depend on p. We write Q(ζ, z) for
the critical polynomial in case q = (1, 2, ..., n).
It is useful for asymptotics and for seeing why the formulas for
groups of different orders are related.
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Next we put the invariant polynomials ΦΓ(p,q) into one framework.
Let Tp be a diagonal linear transformation on Cp whose
eigenvalues are the p-th roots of unity {ωj : 1 ≤ j ≤ p}. We note
that Tp is conjugate to a permutation matrix Lp whose entries are
zeroes and ones. The characteristic polynomial of Tp is

det(Tp − λI ) = (−1)p(λp − 1). (8)

Corresponding to the group Γ(p, q), we let Tp,q denote the
diagonal n by n matrix whose eigenvalues are ωqk .
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Proposition. Let p be a positive integer. Let Γ(p, q) be the cyclic
subgroup of U(n) of order p generated by Tp,q and let Qq(ζ, z) be
its critical polynomial. Let Tp be as above. Then the invariant
polynomial ΦΓ(p,q) satisfies (9):

ΦΓ(p,q)(z , z) = 1− det(Qq(Tp, z)). (9)

Proof. The eigenvalues of Tp are {ωj}. Let Q be a polynomial in
one complex variable. By the spectral mapping theorem, the linear
transformation Q(Tp) has eigenvalues Q(ωj). Hence

det(Q(Tp)) =

p∏
j=1

Q(ωj). (10)

In (10) replace Q by the critical polynomial Qq(ζ, z). We obtain

det(Qq(Tp, z)) =

p∏
j=1

(1−
n∑

k=1

|zk |2ωjqk ). (11)
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On the other hand, by hypothesis the group Γ is generated by the
diagonal matrix Tp,q. For each power j we have

〈T j
p,qz , z〉 =

n∑
k=1

ωjqk |zk |2.

Therefore the right-hand side of (11) is

p∏
j=1

(1− 〈T j
p,qz , z〉), (12)

and we obtain the desired conclusion (9) from (5) and (12). ♠.

Corollary. The coefficients of ΦΓ(p,q)(z , z) are integers.
Proof. The matrix Tp is conjugate to a permutation matrix Lp of
zeroes and ones. By (9),

1− ΦΓ(p,q)(z , z) = det(Qq(Tp, z)) = det(Qq(Lp, z)). (13)

Each entry of Qq(Lp, z) is an integer multiple of |zj |2 for some j ,
and hence its determinant is a polynomial in the variables |zj |2
with integer coefficients.
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Thus 1− ΦΓ(p,q) is nicely expressed as a determinant. We can let
p tend to infinity while keeping the n-tuple q = (q1, ..., qn) fixed.
As in the Szegö limit theorem, the size of the matrix whose
determinant we compute grows with p. We need also a formula for
1− ΦΓ(p,q) as a product of a fixed number of terms.
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We can express 1− ΦΓ(p,q) in terms of the roots of the critical
polynomial Qq, which does not depend on p. For each z we note
that Qq(0, z) = 1 6= 0 and that its coefficients are real. Its non-real
roots therefore occur in conjugate pairs, and we can write

Qq(ζ, z) =
d∏

l=1

(1−cl(z)ζ) =

d1∏
j=1

(1−aj(z)ζ)(1−aj(z)ζ)

d2∏
k=1

(1−bk(z)ζ).

If necessary we repeat terms in (14) to account for multiplicity.
The roots are the reciprocals of the cl(z). The aj(z) and their
conjugates are the reciprocals of the non-real roots and the bk(z)
are the reciprocals of the real roots.
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Proposition. Let Γ(p, q) be the cyclic subgroup generated by
Tp,q. The invariant polynomial is determined explicitly by the
(reciprocals cl of the) roots of Qq:

ΦΓ(p,q)(z , z) = 1−
d∏

l=1

(1− cl(z)p). (15)

Corollary. When n = 2 and q = (1, q) as in (15.2), the collection
of functions ΦΓ(p,q) satisfy a recurrence of order 2q − 1.(

ω 0
0 ωq

)
(15.2)
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I know two proofs. First proof:

Q(ζ, z) = 1−
∑

ζqj |zj |2 =
D∏

j=1

(1− cj(z)ζ).

Therefore

1− φ(z , z) =

p−1∏
k=0

Q(ωk , z) =

p−1∏
k=0

D∏
j=1

(1− cj(z)ωk).

Crucial point is to interchange order of the product to get

1− φ(z , z) =
D∏

j=1

p−1∏
k=0

(1− cj(z)ωk) =
D∏

j=1

(1− cj(z)p).

I have used in a crucial manner the one-dimensional case.
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Take ω to be a p-th root of 1. Then

1−
p−1∏
k=0

(1− ωkx) = xp.

Proof. Left-hand side is invariant under x → ωx . Hence depends
on only xn where n is a multiple of p. Left-hand side is a
polynomial of degree at most p. Only possibility is a + bxp.

Left-hand side is 1 when x = 1. Left-hand side is 0 when x = 0.

Conclude: Left-hand side is xp.
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We recall the only examples:

I For m arbitrary positive integer and ωm = 1, the map
z → z⊗m is invariant.

||z⊗m||2 = ||z ||2m

Hence maps sphere to a sphere.

I For ω2r+1 = 1, there is a map invariant under
(z1, z2) → (ωz1, ω

2z2). The map takes C2 → Cr+2 and takes
S3 to S2(r+2)−1.

I For ω7 = 1, there is a map invariant
(z1, z2, z3) → (ωz1, ω

2z2.ω
4z3). The map takes C3 → C17 and

S5 to S33.
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Asymptotics for Invariant Polynomials

We determine the asymptotic behavior, as the order of the group
tends to infinity, of group-invariant polynomials arising in CR
geometry. These polynomials arise from various reducible
representations Γ(p, q) formulas for computing the invariant
polynomials, and we determine their asympototic behavior by
proving a result evoking the classical Szegö Limit Theorem in one
complex variable.
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Szegö Limit Theorem

There has been considerable recent interest in some classical
aspects of complex analysis revolving around orthogonal
polynomials, the Szegö Limit Theorem, and Toeplitz matrices. See
for example the recent survey article by Barry Simon.
We discover a cool parallel. The link arises because considerations
of group-invariance lead us to study explicit expressions determined
by the collection of p-th roots of unity as p tends to infinity.
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First we recall the famous result of Szegö. Let µ be a probability
measure on the unit circle with Fourier coefficients cn. Let Dp(µ)
denote the determinant of the p + 1 by p + 1 matrix with entries
ck−l for 0 ≤ k, l ≤ p. Here

ck−l = 〈z l , zk〉L2(dµ). (1)

A quantity of interest in classical complex analysis is

limp→∞(Dp(µ))
1
p . (2)

When µ is absolutely continuous with respect to the measure dθ
2π ,

that is µ = h(θ)dθ
2π for a function h, Szegö showed that

limp→∞(Dp(µ))
1
p = exp

(
1

2π

∫ 2π

0
log(h(θ))dθ

)
. (3)

In words, the limit equals the exponential of the average value of
log(h). Many generalizations and different proofs of Szegö’s result
are known. For example, the same conclusion holds when µ has a
singular part.
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We arrive at a similar result from a completely different point of
view by considering invariant CR mappings.
We will consider finite cyclic subgroups of U(n) of order p. We will
compute various things and study asymptotics as p goes to infinity.
Special case: subgroups Γ(p, q) of U(2) generated by diagonal
matrices with eigenvalues ω and ωq, where ωp = 1.
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This special case leads to a rather fascinating collection of
polynomials fp,q in two real variables. These polynomials have
integer coefficients which exhibit interesting primality properties;
for example fp,q(x , y) is congruent to xp + yp modulo (p) if and
only if p is prime. For q = 1 and q = 2 explicit formulas exist for
fp,q but it is probably impossible to produce general formulas.

We answer several natural questions about the polynomials ΦΓ in
general. For cyclic groups these polynomials are essentially
circulant determinants.

Loehr, Warrington, Wilf used circulants in studying the fp,q and
also the asymptotic behavior of the maximum coefficient of the
fp,q.

We give a more powerful asymptotic approach.
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We will provide asymptotic information on the ΦΓ(p,q) as the order
p of Γ(p, q) tends to infinity.

We associate with Γ(p, q) a critical polynomial Qq(ζ, z) for ζ ∈ C.
Proposition 1 expresses 1− ΦΓ(p,q) as a determinant, and
Proposition 2 expresses it in terms of the roots of Qq. In Theorem

1 we determine the limit of
(
1− ΦΓ(p,q)(z , z)

) 1
p under the

assumption that no roots lie on the unit circle. Proposition 3

considers the limit of
(
ΦΓ(p,q)(z , z)

) 1
p , and Corollary 2 determines

the asymptotic behavior of the coefficient sum. These results
provide the link with Szegö’s limit theorem.
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The explicit polynomials fp,2 have appeared many places; that the
limit in (19) is the golden mean is of course well-known.

Dilcher-Stolarsky (Amer. Math Monthly article) have considered
generalizations of the fp,q and their number-theoretic properties.
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Interpretation of the Invariant Polynomials as
Determinants.

Let G be a finite group of order p, and let η : G → U(n) be a
faithful representation. The representation Γ = η(G ) is allowed to
be reducible and to have fixed points. Associated with this
representation is an invariant polynomial ΦΓ:

ΦΓ(z , z) = 1−
∏
γ∈Γ

(1− 〈γz , z〉). (5)

Because each γ is unitary it follows that ΦΓ is Hermitian
symmetric. Furthermore it is uniquely determined by the properties
of Proposition 1.
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Let Gp be cyclic of order p. We can represent Gp in many ways,
and the invariant polynomials depend on the representation; it is
natural to investigate this dependence. First consider a “universal”
special case. Fix a primitive p-th root of unity ω. Consider the
cyclic subgroup Γ(p) of U(p) generated by a diagonal matrix whose
eigenvalues are ωj for 1 ≤ j ≤ p. More generally let q = (q1, ..., qn)
be an n-tuple of positive integers with 1 ≤ q1 < q2 < ... < qn ≤ p.
Thus p ≥ n. Let Γ(p, q) denote the cyclic subgroup of U(n)
generated by a diagonal matrix whose eigenvalues are ωqj .

We may assume that the exponents qk are distinct; the case with
multiple exponents follows in a routine way from the case with
distinct exponents.
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Second proof. We write cj for cj(z). By Proposition 1, (14), the
definition of characteristic polynomial, and (8), we compute

1− ΦΓ(p,q)(z , z) = det(Qq(Tp, z))

=
d∏

j=1

det(I − cjTp) =
d∏

j=1

(−cj)
pdet(Tp − c−1

j I )

=
d∏

j=1

(−cj)
p(−1)p(c−p

j − 1) =
d∏

j=1

(1− cp
j ). ♠ (16)
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Asymptotic Information on the Invariant Polynomials.

Consider the special case where Γ(p, q) is the subgroup of U(2)
generated by (17) below. Let n = 2, let ω be a primitive p-th root
of unity, and let q = (1, r) for some r with 1 ≤ r ≤ p. Consider the
diagonal representation Γ(p, q) of Gp whose generator is given by(

ω 0
0 ωr

)
(17)
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For a fixed p the invariant polynomials for Γ(p, q) depend on r .
The interest is for r ≥ 2, but we pause to discuss r = 1. When
r = 1 the polynomial is given by

Φ(z , z) = (|z1|2 + |z2|2)p.
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We noted earlier that it is unnecessary to consider repeated
exponents; if we had set n = 1, then the invariant polynomial
would have been |z1|2p. We obtain the result for n = 2 by
substituting |z1|2 + |z2|2 for |z1|2.
When r = 2 we have the following explicit formula from [D4]:

Φ(z , z) = (−1)p+1|z2|2p +

(
|z1|2 +

√
|z1|4 + 4|z2|2
2

)p

+

(
|z1|2 −

√
|z1|4 + 4|z2|2
2

)p

. (18)
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Despite its appearance, (18) defines a polynomial in |z1|2 and |z2|2
with integer coefficients. The explicit formula enables us to express
the coefficient sum Sp in terms of Fibonacci numbers and to
determine its asymptotic behavior: (18) yields

Sp = Φ((1, 1), (1, 1)) = (−1)p+1 + (
1 +

√
5

2
)p + (

1−
√

5

2
)p,

and hence

limp→∞(Sp)
1
p =

1 +
√

5

2
. (19)
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We will determine the asymptotic behavior of the coefficient sum
in general without use of an explicit formula. It is probably
impossible (Galois theory) to find an explicit formula such as (18)
for the polynomial ΦΓ(p,q) for general r and q = (1, r). The
asymptotics for the maximum coefficient and for the coefficient
sum differ in general, because cancellation occurs. When r = 2,
however, the coefficients (with one exception when p is even) have
the same sign, and the polynomials defined by (18) are
“unimodal”. In this special case the asymptotics for the maximum
and for the coefficient sum are the same.
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First we study Bp(z) = (1− ΦΓ(p,q)(z , z))
1
p . The expression

(1− ΦΓ(p,q)(z , z)) is real, but it can be negative. For z ∈ C with
argument in [0, 2π) we define the p-th root by

z
1
p = |z |

1
p e

iθ
p .

We study Bp(z) as p tends to infinity by considering the roots of
the critical polynomial. The n-tuple q is fixed. In particular the
maximum exponent qn does not depend on p, and therefore the
degree of Qq does not grow with p.
Our next result gives a rather complete analysis of the asymptotics
of Bp(z) as p tends to infinity. Statement 4) of Theorem 1
provides the link with the Szegö limit theorem.
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Theorem 1. Let 1 ≤ q1 < q2 < ... < qn be an n-tuple of integers.

For each p ≥ n, let ωp = e
2πi
p . Let Γ(p, q) denote the cyclic

subgroup of U(n) generated by a diagonal matrix whose
eigenvalues are ω

qj
p , and let Qq(ζ, z) denote its critical polynomial:

Qq(ζ, z) = 1−
n∑

k=1

|zk |2ζqk =
d∏

l=1

(1− cl(z))ζqk . (20)
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1) Assume no cl(z) lies on the unit circle. The limit in (21) then
exists and has the indicated value:

limp→∞
(
1− ΦΓ(p,q)(z , z)

) 1
p =

′∏
|cl(z)|. (21)

In (21) the product is taken over those l for which |cl(z)| > 1.
2) Suppose ||z ||2 = 1. Then 1− ΦΓ(p,q)(z , z) = 0, and the limit is
0.
3) Suppose ||z ||2 < 1. Then 1− ΦΓ(p,q)(z , z) > 0 and

limp→∞
(
1− ΦΓ(p,q)(z , z)

) 1
p = 1. (22)

4) Assume no cl(z) lies on the unit circle. Then

limp→∞
(
1− ΦΓ(p,q)(z , z)

) 1
p = exp

(
1

2π

∫ 2π

0
log(|Qq(e

iθ, z)|)dθ

)
.

(23)
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Proof. We first note that 2) holds for all finite subgroups of U(n);
it is immediate from the definition (4) of the invariant polynomial.
We provide two proofs of 3). We first note, if ||z || < 1 and |ζ| ≤ 1,
then ∣∣∣∣∣

n∑
k=1

|zk |2ζqk

∣∣∣∣∣ ≤
n∑

k=1

|zk |2 < 1;

therefore Qq(ζ, z) 6= 0 on |ζ| ≤ 1.
First proof of 3). Assume that 1) has been proved. Since
Qq(ζ, z) 6= 0 on the closed disk, |ck(z)| < 1 for each k. The
product in (21) therefore equals unity, and 3) holds.
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Second proof of 3). Since Qq(ζ, z) 6= 0 for |ζ| ≤ 1, there is a
branch of ζ → log(Qq(ζ, z)) holomorphic for {|ζ| < 1} and
continuous for {|ζ| ≤ 1}. Hence

1

p
log
(
1− ΦΓ(p,q)(z , z)

)
=

∑p
j=1 log(Qq(ω

j
p, z))

p
. (24)

Since w → log(Qq(w , z)) is continuous, the right hand side of
(24) tends to its average value I (z) on |w | = 1. Thus we obtain

limp→∞
(
1− ΦΓ(p,q)(z , z)

) 1
p = exp(I (z)). (25)
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The average value I (z) is given by the integral

I (z) =
1

2π

∫ 2π

0
log(Qq(e

iθ, z))dθ. (26)

Since log(Qq) is holomorphic on the closed unit disk, we can
evaluate (26) by the Cauchy integral formula:

I (z) =
1

2π

∫ 2π

0
log(Qq(e

iθ, z))dθ

=
1

2πi

∫
|w |=1

log(Qq(w , z))

w
dw = log(Qq(0, z)) = log(1). (27)

Exponentiating (27) gives 3).
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The proof of 4) is similar to the second proof of 3). We begin with
(10) and use our branch of the p-th root to obtain

(
1− ΦΓ(p,q)(z , z)

) 1
p =

p∏
j=1

|Q(ωj)|
1
p e

iarg(Q(ωj ))
p .

Noting that the argument term tends to unity, and then taking
logarithms we obtain

limp→∞log
(
1− ΦΓ(p,q)(z , z)

) 1
p = limp→∞

∑p
j=1 log(|Q(ωj)|)

p
.

(28)
Since Qq(ζ, z) 6= 0 on the unit circle |ζ| = 1, the logarithm
ζ → log(|Qq(ζ, z)|) is continuous there. Therefore the limit on the
right-hand side of (28) exists and equals the average value J(z) of
the function ζ → log|Qq(ζ, z)|. Exponentiating yields 4).
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Finally we turn to the proof of 1). By Proposition 2 we have

1− ΦΓ(p,q)(z , z) =
d∏

l=1

(1− cl(z)p) (29)

and hence

(
1− ΦΓ(p,q)(z , z)

) 1
p =

d∏
l=1

(1− cl(z)p)
1
p

=

d1∏
l=1

|1− al(z)p|
2
p

d2∏
k=1

(1− bk(z)p)
1
p . (30)
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We consider all the possibilities resulting from the terms in (30). If
b is real and |b| < 1, then

limp→∞(1− bp)
1
p = 1. (31)

If b is real and |b| > 1, then

limp→∞(1− bp)
1
p = limp→∞

(
|b|p(±1 + |b|−p)

) 1
p = |b|. (32)

If b = 1, then limp→∞(1− bp)
1
p = 0. If b = −1, then

limp→∞(1− bp)
1
p does not exist.

Suppose a ∈ C is not real. If |a| < 1, then

limp→∞|1− ap|
2
p = 1. (33)

If |a| > 1, then

limp→∞|1− ap|
2
p = limp→∞

(
|a|2p|1− a−p|2

) 1
p = |a|2. (34)

If |a| = 1, then the limit does not exist.
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We can now prove 1). Factor Qq as in (14) to obtain (30). We are
assuming that no cl(z) lies on the unit circle, and hence the limit
exists. Furthermore no factor is zero, and the number of factors
does not grow with p. By (31) and (33), each cl(z) inside the unit
circle contributes unity to the limit. By (32) and (34) each cl(z)
outside the unit circle contributes its absolute value. Notice that
|al(z)| arises twice, corresponding to the two conjugate roots. We
conclude that the limit in (35) exists and has the indicated value:

limp→∞
(
1− ΦΓ(p,q)(z , z)

) 1
p =

′∏
|cl(z)|. (35)

The product includes only those l for which |cl(z)| > 1. Thus 1)
holds. ♠
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Consider next the limit of ΦΓ(p,q)(z , z)
1
p . We first note, using the

simplest possible example, that the limits of (ΦΓ)
1
p and (1− ΦΓ)

1
p

are not equal in general.
Example 1. Let Γ be the cyclic subgroup of U(1) generated by a
p-th root of unity; then ΦΓ = |z1|2p, and

(ΦΓ(z , z))
1
p = |z1|2.

On the other hand,

(1− (ΦΓ(z , z))
1
p → L(z),

where L(z) = |z1|2 if |z1|2 > 1 but L(z) = 1 for |z1|2 < 1. If
|z1|2 = 1, then L(z) = 0.

The next result computes the limit of ΦΓ(p,q)(z , z)
1
p . From this

result we determine the asymptotics of the coefficient sum in
Corollary 2 below.
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Proposition 3. Assume the hypotheses of Theorem 1, and assume
also that |cl(z)| > 1 for at least one l . Then

limp→∞
(
ΦΓ(p,q)(z , z)

) 1
p =

′∏
|cl(z)|, (36)

where again the product is restricted to those l for which
|cl(z)| > 1.
Proof. We suppress the dependence on z . By Proposition 2,

ΦΓ(p,q) = 1−
d∏

l=1

(1− cp
l ) =

 d∑
j=1

cp
j −

∑
j<k

(cjck)p + ...±
d∏

k=1

cp
k

 .

(37)
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The number of terms in the complete sum in (37) is independent
of p. Under the hypothesis that |cl(z)| > 1 for at least one l , there
must be at least one term inside the parentheses on the far
right-hand side of (37) whose modulus exceeds unity. Consider the
product C =

∏′ cl(z)p where each |cl(z)| > 1. Factor out |C |
from the big sum in (37) to obtain

ΦΓ(p,q)(z , z) = |C |p(ξ + ...), (38)

where |ξ| = 1, and the other terms are of the form wp for |w | < 1.
We obtain

limp→∞
(
ΦΓ(p,q)(z , z)

) 1
p = |C |. ♠
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It follows from Theorem 1 and Proposition 3 that the two limits
are equal whenever Qq has at least one root in the unit disk. In
Example 1 Qq(ζ, z) = 1− |z1|2ζ, and the only root is 1

|z1|2 . The

conclusion is thus consistent with the result of Example 1. Recall
that ΦΓ(p,q)(z , z) is a polynomial with integer coefficients. The
sum Sp,q of these integers has some interest; it is obtained from
ΦΓ(p,q)(z , z) by setting each zj equal to unity. We write 1 for z in
this case.
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Proposition 3 determines the asymptotic behavior of Sp,q whenever
none of the roots of Qq(ζ, 1) lie on the circle and at least one lies
inside. In fact this condition must hold when n ≥ 2. When n = 1
the coefficient sum is 1, by Example 1. Assume n ≥ 2; we have

Qq(ζ, 1) = 1−
n∑

k=1

ζqk .

Note that Qq(0, 1) > 0 and Qq(1, 1) < 0. By continuity there is a
root in the interval (0, 1), and Proposition 3 applies. We therefore
obtain Corollary 2. Let Sp,q denote the sum of the coefficients of

ΦΓ(p,q). Then

limp→∞S
1
p
p,q = |C |,

where C is the reciprocal of the product of roots of Qq(ζ, 1) lying
inside the unit circle.
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Example 2. For each p let Γ be generated by (17) with q = (1, 2).

The limit of S
1
p
p,q can be obtained easily from Corollary 2. In this

case Qq(ζ, z) = 1− |z1|2ζ − |z2|2ζ2. For general z the roots are
real:

|z1|2 ±
√
|z1|4 + 4|z2|2

−2|z2|2
.

The root with the minus sign lies inside the unit circle, and its
reciprocal is

|z1|2 +
√
|z1|4 + 4|z2|2
2

.

As before, evaluating at z = (1, 1) yields 1+
√

5
2 . ♠
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Number-theoretic results about proper mappings between balls.

These results are just a sample!
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As usual let R[x ] denote the polynomial ring in n real variables,
and let R+[x ] denote the cone of polynomials whose coefficients
are non-negative. We assume that n ≥ 2 in order that the problem
be interesting. Because of the connection with CR mappings to
spheres we are interested in the collection H(n) of elements of
R+[x ] which take the constant value 1 on the hyperplane defined
by
∑n

j=1 xj = 1.
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The following sharp result was proved by D, Kos, Riehl. Suppose
p ∈ H(2). Let N denote the number of distinct monomials in p
and let d denote the degree of p. Then d ≤ 2N − 3 and for each
odd d = 2r + 1 there is a polynomial of degree d with
2N − 3 = 2(r + 2)− 3 = 2r + 1.
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We naturally ask whether the sharp polynomials are unique. The
answer is no in general. We will prove that non-uniqueness is a
generic phenomenon. In particular there are infinitely many odd d
for which other inequivalent polynomials also exhibit the sharp
bound. For d = 1 and d = 3 there is only one sharp polynomial;
for d = 5 there are two, but they are equivalent in a sense to be
described. Theorem 2 tells us that for each d at least 7 and
congruent to 3 mod 4, there are inequivalent sharp polynomials.
We also obtain a similar result when d is congruent to 1 mod 6.
We say for simplicity that uniqueness fails in these cases.
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Theorem 1 produces a general method for finding infinite sets of
odd numbers for which uniqueness fails. The proof relies on the
integer solutions (a, b) to the Pell equation a2 − 12b2 = 1. In
particular we find infinitely many odd d congruent to 1 mod 4 for
which uniqueness fails. Theorem 2 gives precise formulas for
additional inequivalent sharp polynomials, but it requires
considerable work to verify that their coefficients are positive.
Corollary 2 gathers all these results.
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The case of even degree is almost trivial; uniqueness fails for every
even degree at least 2. See Section 4. On the other hand we
establish there a complexity result in the case of even degree; the
number of inequivalent sharp polynomials (in two dimensions) for a
fixed even degree 2k tends to infinity as k does.
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We determine an integer T (n) with the following property. For
each N with N ≥ T (n) we can find a proper polynomial mapping
from the unit ball Bn to BN that cannot be mapped into a lower
dimensional ball. This result shows that the gap phenomenon goes
away once the target dimension is sufficiently large. The proof is
an elementary construction using Sylvester’s solution of the
postage stamp problem.
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It is natural to wonder, given the prominent role of the group
invariant examples, whether any of our results are connected with
the topology of Lens spaces. We do not consider this aspect of the
problem in this paper.
Jiri Lebl and Daniel Lichtblau of Wolfram Research have written
useful independent computer code for finding monomial mappings
between spheres.
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The following long list of results are known; we are assuming that
n ≥ 2, and P(n,N) denotes the proper maps between balls

I For N < n, all elements of P(n,N) are constant and hence of
degree zero.

I For N = n, all elements of P(n,N) are constant or are linear
fractional transformations. Hence the degree is at most one.

I For n ≤ N ≤ 2n − 2, the degree of each element in P(n,N) is
at most one.

I For 3 ≤ n ≤ N ≤ 2n − 1, or for 4 ≤ n ≤ N ≤ 3n − 4, the
degree of each element in P(n,N) is at most two.

I For N ≤ 3, the degree of each element in P(2,N) is at most
three; there are four spherically inequivalent non-constant
examples.
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I (Meylan) The degree of each element in P(2,N) is at most
N(N−1)

2 .
I (D, Lebl)
I For n = 2 and N at least three, there is an element of P(2,N)

of degree 2N − 3. For n ≥ 3 there is an element of P(n,N) of
degree d with d(n − 1) = N − 1.

I If n = 2 and we restrict to monomial mappings in 7), then
2N − 3 is sharp. Thus if m ∈ P(2,N) is a monomial mapping,
then its degree is at most 2N − 3.

I For n ≥ 2 and monomial mappings in P(n,N), (1) holds for
the degree d :

d ≤ 2n(2N − 3)

3n2 − 3n − 2
≤ 4

3

2N − 3

2n − 3
. (1)

I For n sufficiently large compared with d and all monomials in
P(n,N), the sharp inequality 2) holds for the degree d :

d ≤ N − 1

n − 1
. (2)
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Assume that f : Cn → CN is a monomial mapping; thus each
component function of f is a monomial, say cαzα in multi-index
notation. If also f (S2n−1) ⊂ S2N−1, then∑

α

|cα|2|zα|2 = 1

whenever
∑n

j=1 |zj |2 = 1. Replacing |zj |2 by the real variable xj we
obtain the equation ∑

α

|cα|2xα = 1 (3)

on the hyperplane H given by
∑n

j=1 xj = 1.

Define m by m(x) =
∑

α |cα|2xα. Then m is a real polynomial
with nonnegative coefficients and m = 1 on the hyperplane H;
thus m ∈ H(n). Let H(n, d) denote the polynomials of degree d in
H(n).
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Thus a monomial mapping in P(n,N) of degree d gives rise to an
element of H(n, d) with N distinct monomials. Conversely, given
p ∈ H(n, d) with N distinct monomials, we can reverse the
procedure to find a monomial mapping of degree d in P(n,N).
The results 8) through 10) above therefore provide lower bounds
for the number of distinct monomials N(p) in terms of the
dimension and degree of p ∈ H(n, d):
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The sharp group-invariant family of polynomials has connections
with many branches of mathematics. For example, the polynomials
are invariant under certain representations of finite cyclic groups,
they have integer coefficients which provide a primality test, they
are closely related to Chebychev polynomials, they arise in problems
such as de-nesting radicals in computer science, and so on.
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The Pell Equation
We discuss only a few issues considering the following Diophantine
equation. Let λ be a positive integer, assumed not to be a square.
We seek a pair (d , k) of positive integers satisfying:

d2 = λk2 + 1 (4)

Given positive integers d1, k1 and a nonzero positive number λ we
write r = d1 +

√
λk1 and r for the conjugate expression

r = d1 −
√

λk1. Then d1 = r+r
2 and k1 = r−r

2
√

λ
.
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We define sequences of integers dm and km by writing

(d1 +
√

λk1)
m = dn +

√
λkm. (5)

By standard methods for solving recurrences we obtain formulas for
these integers:

dm =
rm + rm

2

km =
rm − rm

2
√

λ
. (6)

We easily verify that if (d1, k1) satisfies (4), then so does (dm, km).
In particular if we can find one solution we can find infinitely many.
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We will need the following specific instance. For λ = 12, note that
(7, 2) is the solution of (4) with d1 and k1 minimal. Lemma. Put

dm =
(7 +

√
48)m + (7−

√
48)m

2
. (7)

For each positive integer m, d2
m − 1 is twelve times an integer. In

other words, the Pell equation d2 = 12k2 + 1 admits integers
solutions (dm, km) with dm satisfying (7).
Proof. This lemma is simply a special case of the above discussion,
whose claims are easily verified by induction.
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Lemma 2. Define polynomials fd in two variables by

fd(x , y) = (
x +

√
x2 + 4y

2
)d + (

x −
√

x2 + 4y

2
)d + (−1)d+1yd .

(8)
For each d we have properties 1,2, and 3. When d is odd we also
have property 4 and thus fd ∈ H(2, d) for d odd.
1. fd(x , y) = 1 on x + y = 1.
2. The degree of fd is d .
3. The number of distinct nonzero monomials in p is d+3

2 .
4. All coefficients of fd are nonnegative.

297 / 328



Theorem 1. Let d and k be positive integer solutions of the Pell
equation

d2 = 12k2 + 1. (9)

(By Lemma 1 there are infinitely many such odd d .) For such d
there are at least three different polynomials in H(2, d) which have
d+3

2 distinct nonzero monomials.
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Proof. For each odd d we must find at least three polynomials p of
degree d , with nonnegative coefficients, such that p(x , y) = 1 on
x + y = 1 and such that the number of distinct nonzero
monomials in p is d+3

2 .
The polynomials fd have these properties. When d ≥ 5 we may
interchange the roles of x and y to obtain equivalent examples.
When d satisfies Pell equation we show that we can find another
example. When d = 9 there are no other examples.
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Set r = 2d + 1 and set s = r −
√

r+r2√
3

. Observe that s is an integer

if and only if
√

r+r2√
3

is an integer, which holds if and only if

r2 + r = 3k2 for some integer k. By completing the square we see
that r2 + r = 3k2 if and only if

(2r + 1)2 = 12k2 + 1. (10)

Since 12 is not a square, the Pell equation (9) has infinitely many
solutions, and in each, d must be odd. Therefore, for infinitely
many r we can find k for which (10) holds.

300 / 328



Next we consider the polynomials fd defined by

fd(x , y) = (
x +

√
x2 + 4y

2
)d + (

x −
√

x2 + 4y

2
)d + (−1)dyd .

By Lemma 2 for odd d these polynomials are in H(2, d) and they
have d+3

2 distinct monomials. Put d = 2r + 1. We next need to
write these polynomials in the form

f2r+1(x , y) =
r∑

s=0

Kr ,sx
2r+1−2sy s + y2r+1. (11)

The coefficients satisfy (

Kr ,s =
2r + 1

s

(
2r − s

s − 1

)
. (12)
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We compute the ratio of successive terms:

Kr ,s+1

Kr ,s
=

(2r − 2s + 1)(2r − 2s)

(s + 1)(2r − s)
(13)

We ask whether there exist r and s such that this ratio equals 2.
The condition on r and s for which (13) yields 2 is that

(2r − 2s + 1)(r − s) = (s + 1)(2r − s),

which yields

2r2 − 6rs − r + 3s2 = 0. (14)
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Solving (14) yields two solutions

s = r ±
√

r2 + r

3
. (15)

In order to ensure that s ≤ r we choose the minus sign in (15).
With this choice we have 0 < s < r . In order that s be an integer
we need r2+r

3 to be an integer k. By completing the square we see
that we need

(2r + 1)2 = 12k2 + 1.

By our work with the Pell equation solutions exist for infinitely
many r ; we take

d = 2r + 1 =
(7 +

√
48)m + (7−

√
48)m

2
. (16)
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To this point we have shown that there are infinitely many degrees
d for which the ratio of consecutive coefficients in fd is 2. The
next step is to use this information to find g ∈ H(2, d) with the
same number of terms as fd , but inequivalent to it. We proceed in
the following manner:
Observe that x2 + 2y = 1 + y2 on the line x + y = 1. We may
thus replace the terms

Kr ,sx
2r+1−2sy s + 2Kr ,s+1x

2r+1−2s−2y s+1 (17)

in fd(x , y) with

Kr ,sx
2r−1−2sy s + Kr ,s+1x

2r+1−2s−2y s+2 (18)

and obtain a polynomial qd still satisfying 1), 2), 3) and 4).

304 / 328



The polynomial qd contains new monomials; it is not obtained
from fd by interchanging x and y . It is thus not equivalent to fd .
Hence, for infinitely many values of r , there are at least three
different polynomials in H(2, 2r + 1) with precisely r + 2 terms. ♠
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These examples are rather sparse; the first few values of d are 7,
97, 1351, 18817, and 262087. By Lemma 1, each value is
approximately 7 +

√
48 times the previous.

Remark. For later purposes we make the following observation.
The degrees d that arise in Theorem 1 are of the form

d =
(7 + 4

√
3)m + (7− 4

√
3)m

2
. (19)

When m is odd the d in (19) is congruent to 3 mod 4, and when
m is even d is congruent to 1 mod 4.
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We can perform similar computations for each degree 2d + 1 such
that 2d + 1 is congruent to 3 mod 4, as we will see in Theorem 2.
The proof there avoids the Pell equation. We pause here to discuss
what happens, for example, in degree 11.
The crucial observation is to alter f11 by replacing terms as follows:

11x9y + 44x7y2 + 77x5y3 = 11x9y + 44x7y2 + 22x5y3 + 55x5y3

= 11x5y(x4 + 4x2y + 2y2) + 55x5y3.

Now we have x4 + 4x2y + 2y2 = 1 + y4 on the line x + y = 1.
Reasoning as in the proof of Theorem 1 we must solve the
equation Kr ,s+1 = 4Kr ,s and make sure also that Kr ,s+2 ≥ 2Kr ,s to
ensure that no negative coefficients arise.
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Proceeding as before using (12), but omitting the details here, we
obtain the following equation for r and s:

s = r − 1 +
√

32r2 + 32r + 1

8
.

This equation simplifies, for an appropriate integer m, to become

(8m − 1)2 − 8(2r + 1)2 = a2 − 8b2 = −7.

This equation has infinitely many integer solutions for which a
complicated explicit formula exists. We mention that the first few
solutions have the following values for b, where of course we are
interested in only odd values of b.

b = 1, 2, 4, 11, 23, 64.

Thus, associated with the non-uniqueness at degree 11 we obtain
non-uniqueness for infinitely many additional odd degrees.
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We next show that there there are additional odd r for which
nonuniqueness occurs. In fact we completely analyze the situations
for all d congruent to 3 mod 4, for all d congruent to 1 mod 6,
and for all even d . We begin with the difficult case where d is
congruent to 3 mod 4. Corollary 2 summarizes all the information.
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Non-uniqueness of sharp examples

The estimate d ≤ 2N − 3 is sharp, and group-invariant maps
provide sharp examples. In many cases there are inequivalent sharp
examples. (D’Angelo-Lebl) Here is the first of two such results. (N
is congruent to 3 mod 4)

Theorem
For each positive integer m at least 2 there are inequivalent
monomial mappings in P(2, 2m + 1) of degree 4m − 1.
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Proof. By the proof of Corollary 2 and the discussion in Section 2
explaining the correspondence between H(n) and P(n,N), it
suffices to find inequivalent elements of H(2, 4m − 1) with 2m + 1
terms. We have seen already in Lemma 2 that
f4m−1 ∈ H(2, 4m − 1). Of course, for m ≥ 2 we obtain another
example by interchanging the roles of x and y , but this example is
equivalent to f4m−1, and hence it not what we are looking for.
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The idea of the proof is simple but the details are not. We define
hm in (20) below. We will verify that hm ∈ H(2, 4m − 1), that it
has 2m + 1 terms, and that it is inequivalent with f4m−1. The
difficulty lies in showing that all the coefficients of hm are
nonnegative. Doing so leads to some surprisingly complicated
computations. For each m we define a polynomial hm by

hm(x , y) = f4m−1(x , y)− (4m−1)x2m−1y (f2m−2(x , y)− 1) . (20)
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For each k we have fk(x , y) = 1 on x + y = 1. It then follows from
(20) that hm(x , y) = 1 on x + y = 1, as the second term vanishes
there. Lemma 2 also provides the specific formula:

fk(x , y) = (
x +

√
x2 + 4y

2
)k + (

x −
√

x2 + 4y

2
)k + (−1)k+1yk .

(21)
Plugging (21) into (20) yields a formula for hm:
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hm(x , y) = (
x +

√
x2 + 4y

2
)4m−1 + (

x −
√

x2 + 4y

2
)4m−1 + y4m−1

+(4m − 1)x2m−1y2 + (4m − 1)x2m−1y2m−2

−(4m − 1)x2m−1y(
x +

√
x2 + 4y

2
)2m−2−

(4m − 1)x2m−1y(
x −

√
x2 + 4y

2
)2m−2. (22)
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We observe that we have created two new monomials with positive
coefficients in defining hm; these are the monomials
(4m − 1)x2m−1y2 and (4m − 1)x2m−1y2m−2. The existence of
these monomials shows that hm is not equivalent to fm; we omit
the routine details. All other monomials occurring in hm also
appear in f4m−1. We claim that by subtracting

(4m−1)x2m−1y

(
(
x +

√
x2 + 4y

2
)2m−2 + (

x −
√

x2 + 4y

2
)2m−2)

)
(23)

we will cancel precisely two monomials, and in all other cases the
difference will be a monomial with positive coefficient. This claim
establishes what we are trying to prove.
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To verify the claim we will compute (quite a long calculation) the
coefficient cs of x4m−1−2sy s in hm(x , y) for 1 ≤ s ≤ m − 1. We
will show for s = 1 and s = 2 that cs = 0 and for s ≥ 3 that
cs > 0. To simplify the notation we multiply through by 24m−1, we
define Cs by Cs = 24m−1cs , and we finally show that Cs has these
properties.
By Lemma 3, proved below, we have

Cs =
2m−1∑
j=s

(
4m − 1

2j

)(
j

s

)
4s

−(4m − 1)22m+1
m−1∑

l=s−1

(
2m − 2

2l

)(
l

s − 1

)
4s−1.

316 / 328



The combinatorial sums above can be evaluated explicitly by, for
example, the method of generating functions. Doing so enables us
to write

Cs = (4m − 1)24m−2−2s(
(4m − s − 2)!

(4m − 2s − 1)!s!
− 2(m − 1)(2m − s − 2)!

(2m − 2s)!(s − 1)!

)
Plugging s = 1 and s = 2 in (25) shows that C1 = C2 = 0 as
claimed.
Assume next that s > 2. To verify that Cs > 0 we must, using
(25), show that

(4m − s − 2)!

(4m − 2s − 1)!s!
>

2(m − 1)(2m − s − 2)!

(2m − 2s)!(s − 1)!
.

Simplifying further yields the crucial condition

(4m − s − 2)!

(4m − 2s − 1)!
>

2(m − 1)s(2m − s − 2)!

(2m − 2s)!
. (26)
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The left-hand side of (26) is the product of s − 1 consecutive

integers whose smallest is 4m − 2s. The right-hand side is (m−1)s
m−s

times the product of s − 1 consecutive integers whose smallest is
2m − 2s. It follows easily that the left-hand side of (26) exceeds
the right-hand side. Alternatively, for a fixed m the difference of
the two-sides is is monotone in s. It therefore suffices to verify the
claim when s = m − 1, which is simpler.
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To finish the proof of Theorem 1 we need only a Lemma:

Lemma 3. The coefficient cs of y s in hm(x , y) satisfies

cs =

(
1

24m−1

) 2m−1∑
j=s

(
4m − 1

2j

)(
j

s

)
4s

−(4m − 1)22m+1
m−1∑

l=s−1

(
2m − 2

2l

)(
l

s − 1

)
4s−1. (27)

Proof. Expand (22) by the binomial theorem. Because of the
minus sign on the square roots, half the terms cancel, and we are
left with a sum over even indices. Each of the summands contains
expressions of the form (x2 + 4y)p. Expand these again by the
binomial theorem, obtaining cs as the difference of two double
sums. Then interchange the order of summation in these double
sums, extract the coefficient of y s , and (27) results. ♠
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We can use a similar but simpler analysis to handle the case when
d = 6k + 1. Assume that k ≥ 1. Set d = 2r + 1; hence r = 3k,
and then put s = 2k. We start with the group-invariant map f2r+1

and again we will alter three of its terms. We substitute in (13) to
obtain the consecutive coefficient ratios:

Kr ,s+1

Kr ,s
=

6k + 1− 4k

2k + 1

2k

4k
=

1

2
(28)

Kr ,s

Kr ,s−1
=

6k + 3− 4k

2k

2k + 2

4k + 1
=

(2k + 3)(k + 1)

k(4k + 1)
. (29)

Taking reciprocals we have

Kr ,s

Kr ,s+1
= 2 (30)

Kr ,s−1

Kr ,s
=

k(4k + 1)

(2k + 3)(k + 1)
. (31)
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Consider the three consecutive terms in f2r+1 given by

Kr ,s−1x
2r+3−2sy s−1 +Kr ,sx

2r+1−2sy s +Kr ,s+1x
2r−1−2sy s+1. (32)

Plugging in the formulas (30) and (31) for the ratios shows that
we can write (32) as

Kr ,s

4

(
cx2r+3−2sy s−1 + 4x2r+1−2sy s + 2x2r−1−2sy s+1

)
(33)

where the constant c exceeds 1. Factor out the monomial
x2r−1−2sy s−1 to write these terms as

Kr ,s

4
x2r−1−2sy s−1

(
(c − 1)x4 + x4 + 4x2y + 2y2

)
(34)
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Using the relationship that x4 + 4x2y + 2y2 = 1 + y4 on the line
x + y = 1, we can replace these three terms with 1 + y4 in (34).
Note that c − 1 > 0 and hence we keep the term x2r+3−2sy s−1.
We replaced two other terms with two new terms. Leaving the rest
of the terms in f2r+1 alone, we obtain an inequivalent map still of
degree d and with the same number of terms. We conclude that
uniqueness fails whenever d = 6k + 1.
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Theorem
Uniqueness holds when d = 1, d = 3, d = 5, and d = 9.
Uniqueness fails in the following cases:

I Suppose d is even. Then uniqueness fails for all d.

I Suppose d is congruent to 3 mod 4. Then uniqueness holds
for d = 3 and fails for d ≥ 7.

I Suppose d is congruent to 1 mod 4. Uniqueness holds for
d = 1; uniqueness (up to equivalence) holds for d = 5.
Uniqueness fails for d of the form

d =
(7 + 4

√
3)2k + (7− 4

√
3)2k

2
(35)

I Suppose d > 1 and d is congruent to 1 mod 6. Then
uniqueness fails.
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I We do not know whether uniqueness holds for d = 17 nor for
d = 21.

I Uniqueness fails for d = 89.

I None of these three integers are covered by the results in
Corollary 2.

324 / 328



Postage Stamps

We first remind the reader of a classical result of Sylvester. Given
relatively prime positive integers a, b, put F (a, b) = ab − a− b.
This number is called the Frobenius number of a and b. It is the
largest integer that cannot be written as a nonnegative integer
combination of a and b. In particular, for all n ≥ 2 we have

F (n, n − 1) = n(n − 1)− n − (n − 1) = n2 − 3n + 1.

The conclusion also holds when n = 1, where F (1, 0) = −1. One
thinks of a and b as values of postage stamps, and then one can
use stamps of these values to create any postage exceeding F (a, b).
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The following result obtained with Lebl shows that gap phenomena
apply only in low codimension:

Theorem
Put T (n) = n2 − 2n + 2. For every N at least T (n) there is a
proper polynomial mapping f : Bn → BN for which N is the
minimal imbedding dimension.
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Proof. It suffices to show, for each N ≥ T (n), that there is a
monomial example. It suffices to find a polynomial p in n real
variables with the following properties:
1) p(x) = 1 on the set s(x) =

∑n
j=1 xj = 1.

2) All the coefficients of p are non-negative.
3) There are precisely N distinct nonconstant monomials in p with
nonzero coefficient.
We then easily define a proper monomial mapping f such that

||f (z)||2 = p(|z1|2, ..., |zn|2).

When n = 1 the conclusion is easy to see. The polynomial∑N
j=1 cjx

j satisfies the conclusion as long as the coefficients cj are
positive and sum to 1. We can obviously make this choice. The
corresponding proper mapping f : B1 → BN is given by

f (z) = (
√

c1z , ...,
√

cjz
j , ...,

√
cNzN).
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Hence we assume that the domain dimension n is at least 2. Recall
that H(n) consists of the polynomials satisfying 1) and 2) above.
Of course, s ∈ H(n), where s(x) =

∑
xj .

Given an element p ∈ H(n) of degree d and containing the
monomial cxd

n for c > 0, we define operations W and V by

Wp(x) = p(x)− cxd
n + cxd

n s(x)

Vp(x) = p(x)− c

2
xd
n +

c

2
xd
n s(x).

By setting s(x) = 1 we see that Wp and Vp satisfy 2) above; they
also have nonnegative coefficients and hence lie in H.
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Note that Ws has 2n − 1 terms, lies in H(n), and contains x2
n .

Iterating this operation, always applied to the pure term of highest
degree in xn, we get the polynomial W js which (by a trivial
induction argument) has (j + 1)n − j terms and lies in H(n).
Given p as above, the polynomial Vp contains the pure monomial
c
2xd+1

n . Iterating this operation we obtain V kp. Each application
of V adds n terms, and we conclude that V kp has N(p) + kn
terms when p has N(p) terms.
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Therefore the polynomial V kW js has N terms, where

N = (j + 1)n − j + kn = j(n − 1) + kn + n. (37)

Note that the first two terms on the right define a nonnegative
linear combination of n − 1 and n. Since j , k can be arbitrary
nonnegative integers, we conclude that there is an example with N
terms as long as N ≥ 1 + F (n, n − 1) + n. By the above we have

N ≥ 1 + F (n, n − 1) + n = n2 − 2n + 2 = T (n).

We have proved that the number T (n) does the job. ♠
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