
HERRMANN’S BEAUTIFUL THEOREM ON

COMPUTABLE PARTIAL ORDERINGS

CARL G. JOCKUSCH, JR.

Abstract. We give an exposition of Herrmann’s proof that there is
an infinite computable partial ordering with no infinite Σ0

2
chains or

antichains.

1. Introduction

Let (P,6P ) be a partial ordering, so 6P is a reflexive, transitive, anti-
symmetric relation on P . Two elements x, y of P are called comparable if
x 6P y or y 6P x and otherwise are called incomparable. A subset S of P
is called a chain if any two elements of S are comparable and is called an
antichain if any two distinct elements of S are incomparable.
The chain antichain principle CAC asserts that every infinite partial

ordering (P,6P ) has either an infinite chain or an infinite antichain. Let
[A]k denote the set of k-element subsets of the set A. Ramsey’s Theorem
for 2-colorings of pairs RT2

2 asserts for every function c : [ω]2 → {0, 1}
there is an infinite set A ⊆ ω which is homogeneous in the sense that c is
constant on [A]2. (Such a function c is called a 2-coloring of [ω]2, and the
homogeneous sets are defined by the property that all of their two-element
subsets have the same color.) Note that CAC follows at once from RT2

2.
To see this, consider an infinite partial ordering (P,6P ). Since every
infinite set has an infinite countable subset, there is no loss of generality
in assuming that P = ω. Then consider the coloring c : [ω]2 → {0, 1}
which maps comparable pairs to 0 and incomparable pairs to 1 and note
that the homogeneous sets are exactly the chains and antichains. This
argument can be easily formalized in RCA0, the base system for reverse
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mathematics, so RCA0 ⊢ RT2
2 → CAC. It is shown in [4] that CAC does

not imply RT2
2 in RCA0, and the same paper has many further results on

the strength of CAC and similar principles as well as effective analyses
of these principles. Additional results on the complexity of chains and
antichains in computable partial orderings may be found in [2] and [7], for
example.
The current paper concerns the effective analysis of the principle CAC.

A partial ordering (P,6P ) is called computable if P is a computable subset
of ω and 6P is a computable relation on P . In particular, we want to de-
termine the least n such that every computable partial ordering has a Π0

n

chain or antichain, and similarly for Σ0
n chains and antichains. The corre-

sponding problem for RT2
2 was solved in [5] (Corollary 3.2 and Theorem

4.2) where it was shown that every computable 2-coloring of [ω]2 has an
infinite Π0

2 homogeneous set, but there exists a computable 2-coloring c0
of [ω]2 with no infinite Σ0

2 homogeneous set. It follows at once by the argu-
ment above that every infinite computable partial ordering has an infinite
Π0

2 chain or antichain. However, the 2-coloring c0 mentioned above is not
associated with a computable partial ordering. Hence the methods of [5]
do not seem sufficient to show that there is an infinite computable partial
ordering with no infinite Σ0

2 chains or antichains. On the other hand it
is straightforward to show by direct construction that there is an infinite
computable partial ordering with no infinite Π0

1 chains or antichains, and
hence also no infinite Σ0

1 chains or antichains.
The question raised above was solved by Eberhard Herrmann [3], who

proved that there is an infinite computable partial ordering with no infinite
Σ0

2 chains or antichains, using a highly novel and ingenious argument. The
purpose of the current paper is to give an exposition of Herrmann’s proof.
Our terminology is standard. Let (P,6P ) be a partial ordering. We

write a <P b if a 6P b and a 6= b. If U, V ⊆ P , we write U <P V if
(∀u ∈ U)(∀v ∈ V )[u <P v]. Similarly, we write U |P V if every element
of U is incomparable with every element of V in (P,6P ). We write (u, v)
for the open interval {w : u <P w <P v}. Sometimes we write 6P for the
partial ordering (P,6P ).

2. The main result

As explained in the introduction, the goal of this paper is to present a
proof of the following theorem of Eberhard Herrmann.

Theorem 2.1. ([3], Theorem 3.1) There is an infinite computable partial
ordering with no infinite Σ0

2 chains or antichains.

Proof. We start with a certain computable partial ordering (ω,6u) to be
specified later, when we are better able to motivate its choice. The main
step is to define an infinite computable set R such that for every Σ0

2 chain or
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antichain S of (ω,6u) the set S∩R is finite. It follows that the restriction
of 6u to R witnesses the truth of the theorem.
It remains to carry out the main step specified above and in particular

to specify 6u. The first step is the following easy but crucial lemma.

Lemma 2.2. Let 6u be an arbitrary computable partial ordering. Then
there is a uniformly Σ0

2 sequence of sets S0, S1, . . . such that S0, S1, . . . are
exactly the Σ0

2 chains and antichains of 6u.

Proof. By Post’s Theorem, the Σ0
2 sets are exactly the sets which are c.e.

in K. Using an oracle for K, we list Se uniformly in e as follows. List WK
e

(the eth set c.e. in K) and whenever a new element appears, add it to Se

provided that the resulting set is a chain or an antichain of 6u. Clearly,
each Se is a chain or an antichain of 6u, and Se = WK

e if WK
e is a chain

or an antichain of 6u. Further, the sets S0, S1, . . . are uniformly c.e in K,
and hence uniformly Σ0

2, since Post’s Theorem holds uniformly. �

We are now in a position to formulate the requirements whose satisfac-
tion (along with making R computable) suffices to carry out the main step
above. Fix sets Se as in Lemma 2.2. The requirements are as follows:

Ps : (∃x)[x > s & x ∈ R]

Ne : Se ∩R is finite

Meeting any one requirement in isolation is trivial, but it is instructive to
consider how to meet one negative requirement Ne and all positive require-
ments Ps simultaneously. We will then show how to meet all requirements.
Fix e. To be able to meet Ne and and all the requirements Ps we assume

that the ordering 6u has three pairwise disjoint infinite computable sets
B0, B1, B2 called “boxes” such that B1 <u B0 and B0 |u B2. Note that
every chain or antichain of <u is disjoint from some box Bi since no chain
intersects both B0 and B2 and no antichain intersects both B0 and B1.
To ensure the existence of the boxes B0, B1 and B2 we require that the
ordering 6u have incomparable elements c and d whose supremum c∪d and
infimum c ∩ d both exist and such that the three open intervals (c, c ∪ d),
(c∩ d, c), and (d, c∪ d) in 6u are all infinite. We can then let B0, B1, and
B2 be these three intervals, in the order listed.
At each stage s of the construction we enumerate some number xs > s

into R, thus meeting Ps forever. To respect Ne we would like to ensure
that xs /∈ Se. However, our construction must be computable to make R
computable, so we cannot ensure this. Instead we try to choose xs so that
xs ∈ Bi for some i such that Bi is disjoint from Se. Again we cannot always
do this in a computable construction, but we can do it for all sufficiently
large s using a suitable computable approximation, as described in the
next paragraph.
Let the predicate D(e, i) hold if Bi is disjoint from Se. Note that by

routine expansion, the predicate D(e, i) is Π0
2, uniformly in e and an index
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for Bi as a c.e. set. Hence, using that every Π0
2 set is many-one reducible

to {k : Wk is infinite} we can uniformly obtain a ternary computable pred-

icate D̂(e, i, t) such that, for all i < 3, D(e, i) holds if and only if there are

infinitely many t such that D̂(e, i, t) holds.
We now describe stage s of the construction. Search effectively for a

pair of numbers (i, t) such that i < 3, t > s, and D̂(e, i, t) holds. To see
that such a pair exists, recall that Se is disjoint from Bi for some i, and
for any such i, there are infinitely many t such that D̂(e, i, t) holds, by the
previous paragraph. Let (is, ts) be the first such pair found, and let xs be
the least element x of Bis with x > s, which exists because Bis is infinite.
Enumerate xs into R and proceed to stage s+ 1.
We define R = {xs : s ∈ ω} and note that R is infinite and computable.
We now check that the requirement Ne is met. Choose the number b so

large so that, for all i < 3, if D(e, i) is false, then D̂(e, i, t) is false for all
t > b. It follows that if s > b, then Bis is disjoint from Se. Since xs ∈ Bis ,
it follows that xs /∈ Se for all s > b, and hence Ne is met.
We next consider how to meet all requirements simultaneously. If we do

this naively by letting e vary in the above construction, there are severe
problems since, for example, N0 and N1 may choose different values of is,
and then we cannot require xs to belong to Bi for more than one box Bi

since the boxes are pairwise disjoint.
We overcome the difficulty above by nesting the boxes. We first explain

how to meet N0, N1 and all the positive requirements Ps. To do this, we
require that each box Bi for i < 3 have three infinite, computable pairwise
disjoint subboxes Bi,j for j < 3 such that Bi,1 <u Bi,0 and Bi,2 |u Bi,0.
For e = 0 we choose is as in the above strategy for e = 0. For e = 1, we
play the above strategy at each stage s replacing each Bj in the strategy
by Bis,j. In other words, we play the above strategy for e = 1 within the
box Bis chosen by the strategy for e = 0. Let Bis,js be the subbox of Bis

chosen by the strategy for e = 1. We choose xs to be the least element of
Bis,js exceeding s, and enumerate xs into R at stage s. Of course, there
is now no problem if is 6= js, i.e. these strategies do not conflict since the
relevant boxes are nested rather than disjoint. Since xs belongs to both
Bis and Bis,js , the verification is essentially as before.
To meet all requirements simultaneously, we simply iterate the nesting.

At stage s, we meet Ps and respect the requirements N0, N1, . . . , Ns using
s + 1 levels of nesting of the boxes. Each requirement Ne is respected
at cofinitely many stages and hence is met as before. We will give some
further details on this below, but first we consider how to choose our
starting partial order (ω,6u) so that all of these iteratively nested boxes
exist.
One method to obtain 6u is by a direct construction ensuring that

the required nested boxes exist. This is done in [3]. Alternatively, one



HERRMANN’S THEOREM ON COMPUTABLE PARTIAL ORDERINGS 5

could choose a computable presentation (ω,∪,∩,−, 0, 1) of the countable
atomless Boolean algebra, and let 6u be the associated partial ordering
given by a 6u b if and only if a∪b = b. We follow the latter approach. Note
that if a <u b there are elements c, d such that a <u c, d <u b, c ∪ d = b,
and c ∩ d = a. Furthermore, such c, d can be found computably from a
and b by effective search. Also every open interval (a, b) with a <u b is
infinite.
We now define a box Bσ for each string σ ∈ 3<ω. The box Bσ will be

an open interval (bσ, tσ) in 6u, so Bσ will be computable. Since we will
have bσ < tσ, Bσ will be infinite. We define bσ and tσ by induction on
the length of σ. For the empty string λ, let bλ be the least element of ω
under 6u, and let tλ be the greatest element of ω under 6u. If bσ and
tσ have already been defined, define bσ⌢i and tσ⌢i for i < 3 as follows.
First, find incomparable elements c, d in the open interval (bσ, tσ) such
that c ∪ d = tσ and c ∩ d = bσ. Then define tσ⌢i = tσ for i ∈ {0, 2},
bσ⌢0 = c, bσ⌢2 = d, tσ⌢1 = c, and bσ⌢1 = bσ. This completes the inductive
definition of bσ and tσ and hence of Bσ = (bσ, tσ). The boxes Bσ⌢i for
i = 0, 1, 2 are similar in structure to the boxes Bi for i = 0, 1, 2 used in
the basic strategy for meeting one negative requirement and all positive
requirements, except that we now have Bσ⌢i ⊆ Bσ for i = 0, 1, 2. Thus,
for all σ, Bσ⌢1 <u Bσ⌢0 and Bσ⌢0|u Bσ⌢2. The boxes Bσ are computable
uniformly in σ.
Let S0, S1, . . . be as in Lemma 2.2. For σ ∈ 3<ω let the predicate D(e, σ)

hold if Se ∩ Bσ = ∅. Since the predicate D is Π0
2, there is a computable

ternary predicate D̂ such that, for all e ∈ ω and σ ∈ 3<ω, D(e, σ) holds if

and only if there are infinitely many t such that D̂(e, σ, t) holds.
We now give the construction of a computable set R satisfying all of

our requirements. At stage s, we define strings σs,e ∈ 3<ω for e 6 s by
recursion on e such that σs,0 ≺ σs,1 ≺ · · · ≺ σs,s and σs,e has length e for
each e 6 s. Let σs,0 be the empty string. Now suppose that e < s and
σs,e has been defined. Search effectively for a number i < 3 and a number

t > s such that D̂(e, σs,e
⌢i, t) holds. Let σs,e+1 = σs,e

⌢i for the first such
i which is found. Such i and t exist because Bσs,e

⌢i is disjoint from Se for
some i < 3. Let xs be the least x ∈ Bσs,s

with x > s. Enumerate xs in R
and proceed to stage s + 1. Clearly, R = {x0, x1, . . . } is computable and
infinite.
It remains to verify that each requirement Ne is satisfied, and the ar-

gument is familiar by now. Fix e. For all sufficiently large s, Bσs,e+1
is

disjoint from Se since D̂(e, σs,e+1, t) holds for some t > s. Also, for s > e,
xs ∈ Bσs,s

⊆ Bσs,e+1
Hence, for all sufficiently large s we have that xs /∈ Se,

so R ∩ Se is finite, and so the requirement Ne is met.
�
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3. Computable linear extensions of Herrmann’s ordering

If (P,6P ) is an infinite computable partial ordering with no infinite Σ0
2

chains or antichains, call 6P a Herrmann ordering. By the main result
of the last section, Herrmann orderings exist. Such orderings have many
special properties, as Herrmann [3] pointed out. For example, they have
only finitely many minimal elements, because the set of minimal elements
is a Π0

1 antichain. As Herrmann also pointed out, there are infinitely many
order types of such orderings because, for each n > 0 there is a Herrmann
ordering with exactly n minimal elements, as can be seen by considering
any Herrmann ordering and adding n new elements which are pairwise
incomparable and lie below all the old elements.
On the other hand, Herrmann [3], Corollary 4.2, did prove a sort of

uniqueness theorem for Herrmann orderings. A “linearization” of a partial
ordering (P,6P ) is any linear ordering (P,6L) such that, for all u, v ∈
P , u 6P v implies u 6L v. E. Szpilrajn [8] proved that every partial
ordering has a linearization. By a well-known folklore result proved in
Downey [1], Observation 6.1, this holds effectively in the sense that every
computable partial ordering has a computable linearization. Herrmann’s
uniqueness theorem [3], Corollary 4.2, is that all computable linearizations
of Herrmann orders have the same order type. However, as remarked in
the author’s review [6] of [3] the proof in [3] is not quite correct. First,
as Joseph Mileti pointed out, in several places in the argument “minimal”
should be changed to “maximal”. Even after these changes are made, a
gap remained, but Mileti supplied a lemma to fill this gap. This lemma
is stated in [6]. Thus Herrmann’s uniqueness theorem holds, and in fact
any computable linearization of any Herrmann ordering has order type
ω + (ω∗ + ω) · η + ω∗. We omit further details.
Let L be any computable linear ordering which is a linearization of a

Herrmann ordering. It is shown in [4], proof of Proposition 2.15, that L is
an example of an infinite computable linear ordering with no low infinite
ascending or descending chains and hence no low subordering of order
type ω, ω∗ or ω+ω∗. No direct method is known for constructing a linear
ordering with this property. See Corollary 2.16 of [4] for applications of
the existence of such a linear ordering L to the reverse mathematics of
linear orderings.

Personal note: The reader may well ask why the current paper appears
in a Festschrift for Rod Downey. Rod and I have collaborated extensively
and yet our published joint work (consisting so far of twelve papers with
publication dates from 1987 to 2015) does not touch on Herrmann’s the-
orem. Our connection with Herrmann’s theorem is that I travelled to
Wellington to work with Rod in 1995 (before Herrmann proved his theo-
rem), and we spent almost the entire two-week visit obsessing in vain over
the problem whether every infinite computable partial ordering of ω has
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an infinite Σ0
2 chain or antichain. Then Herrmann’s paper [3] came along.

Once I finally understood it I was deeply impressed by the beauty of his
proof (which was not related to the methods that Rod and I tried). My
goal in this paper is to convey that beauty and, I hope, make the proof
easier to follow, clarifying the motivation and simplifying some technical
details while still making heavy use of Herrmann’s ideas.
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