
Math 481 Homework 9
Due: Wednesday April 29

(1) Let’s return to the setting of Question 4 in Homework 8. We have the two dimensional

torus T 2 defined by

T 2 = {(x, y, u, v) ∈ R
4 | x2 + y2 = 1, u2 + v2 = 1}.

Consider again the one forms

ω1 = −ydx+ xdy and ω2 = −vdu+ udv.

(a) Prove that both ω1 and ω2 are closed.

HINT: recall that we had the nice 2-cube γ : [0, 1]× [0, 1] → T 2 defined by

γ(s, t) = (cos 2πs, sin 2πs, cos 2πt, sin 2πt)

If we restrict γ to the open set (0, 1)× (0, 1) then it is invertible and its inverse γ−1

is a smooth chart on T 2. Show that γ∗ω1 and γ∗ω2 are both closed. Describe the

set of points not in the domain of this chart. Convince yourself and then me that

you have proved that both ω1 and ω1 are closed.

(b) Prove that neither ω1 or ω2 is exact.

HINT: Argue as we did to prove that H1

dR(R
2 \{(0, 0)}) is at least one dimensional.

That is, assume first that say ω1 is exact. Consider the inclusion map i1 : S
1 → T 2

defined by

i(x, y) = (x, y, 0, 0)

and use it to derive a contradiction. Then find a similar argument for ω2.

(c) It follows from the previous two parts that both [ω1] and [ω2] are nontrival classes

in H1

dR(T
2). Prove that they are different classes, i.e., show ω1 ≁ ω2. Deduce that

H1

dR(T
2) is at least 2 dimensional.

(2) Comsider a general 2-form on R
3

ω(x, y, z) = A(x, y, z) dx ∧ dy + B(x, y, z) dx ∧ dz + C(x, y, z) dy ∧ dz.

(a) Write down explicit conditions on the functions A, B and C which are equivalent

to the condition that dω = 0.
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(b) Write down explicit conditions on the functions A, B and C which are equivalent

to the condition that ω = dη for some 1-form η.

(c) Show that the following form is exact

ω = 2z2dx ∧ dy + 4yzdx ∧ dz.

(3) Compute [X, Y ] for the following two vector fields on R
3

X = 4xz
∂

∂x
+ (x2 + z2)

∂

∂z

and

Y = exy
∂

∂x
+ sin xy

∂

∂y
.

(BONUS) Prove that every closed 2-form on R
3 is exact.


