
Some Math 113 Practice Problems for Midterm 2

Here are some problems to work on in preparation for the second midterm. I plan to put fewer questions

on the second midterm than on the first. With this in mind, probably the amount of time that these problems

would take if you are well prepared is between 2.5 and 3 hours. However, it might be more useful for you to

start working on these problems before you are completely prepared, since they will likely help you realize

what you do and don’t understand. Solutions will be posted towards the end of spring break.

1) Throughout this problem, let G be the group Z4×Z6×Z20 with addition as usual, and let R be the ring

Z4×Z6×Z20 with addition and multiplication as usual.

a) Find the commutator subgroup of G. Is the group G simple?

b) Is the ring R an integral domain? If so, prove it, if not, find a zero-divisor.

c) Find the characteristic of R.

2) Let φ : Z×Z→ Z×Z be defined as φ((a,b)) = (0,b−2a).

a) Show that φ is a group homomorphism and determine its image and kernel.

b) Use part (a) to classify Z×Z/〈(1,2)〉 according to the fundamental theorem of finitely generated abelian

groups.

c) Show that the distinct left cosets of H = 〈(1,2)〉 in Z×Z are precisely (m,0)H where m can be any integer,

and (m,1)H, where m can be any integer. Are any of these cosets of finite order except for the trivial one?

3) a) Let G be the group of real invertible diagonal 2×2 matrices. Show that G acts on the set X of column

vectors {[a b]t |a,b ∈ R}, where t stands for transpose, by left multiplication. Is this action faithful?

b) Describe all the distinct orbits of G acting on X .

c) Find the stabilizer Gx of x = [12 0]t . What is the index (G : Gx)?

4) a) Find the quotient and remainder of x6 +2x5 +3x3 +5x2 +2x+6 divided by x2 +3x+4 in Z7[x].

b) Find the remainder of 10x120 + 3x113− 5x98 + 4x91− 39x42 + 45x21− x19 + 2x18− 50x15 + 9x13 + 8x10−
10x4 +2x3−8x2 +7 divided by x−1 in Z[x].

5) a) For any integer a ∈ Z, and any integer m > 0, let a denote the value of a mod m. Show that the map

πm : Z[x]→ Zm[x] defined by

πm(anxn +an−1xn−1 + · · ·+a0) = anxn +an−1xn−1 + · · ·+a0



is a ring homomorphism.

b) Let an 6= 0. Show that f (x) = anxn +an−1xn−1 + · · ·+a0 is irreducible over Q if m does not divide an and

anxn +an−1xn−1 + · · ·+a0 is irreducible over Zm. (Hint: use part (a))

c) Show that x3 +7x2 +63x+2 is irreducible over Q. (Hint: use part (b))

6) Let R be an integral domain. Prove that the units in R[x] are precisely the units in R, thought of as constant

polynomials.

7) a) for any integer m, the set Q(
√

m) = {a+b
√

m | a,b ∈Q} together with the usual addition and multipli-

cation in C is a field. Show that the map φ : Q(
√

7)→Q(
√

11) defined by

φ(a+b
√

7) = a+b
√

11

is not an isomorphism of fields.

b) Show that for any isomorphism φ : Q(
√

7)→Q(
√

11), one must have φ(a) = a for every a ∈Q.

c) Show that there is no isomorphism φ : Q(
√

7)→ Q(
√

11), and therefore Q(
√

7) 6∼= Q(
√

11). (Hint: use

part (b) together with the fact (φ(
√

7))2 = φ(7))

8) Mark each of the following as true or false and give a brief justification for your answer.

a) The alternating group A3456 has a subgroup of order 1728.

b) The multiplicative cancellation laws hold in all rings.

c) There exists a field of characteristic 6.

d) A polynomial equation p(x) = 0 where the degree of p(x) is n has at most n zeroes in any ring.

e) The polynomial x100 +7x56 +98x55 +84 is irreducible over Q.

f) Q[x] is the field of quotients of Z[x].

g) If C is the commutator subgroup of G, then C is normal and G/C is abelian.

h) If X is a G-set, g1,g2 ∈ G, and g1x = g2x for every x ∈ X , then g1 = g2.

i) If H is a subgroup of G, g ∈ G, and h ∈ H, then g−1hg ∈ H if and only if H is a normal subgroup of G.

j) There exists a nontrivial homomorphism from Z20 to Z31.


